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The generalized unified formulation (GUF) is a formal technique which was introduced in the framework
of displacement-based theories. GUF is extended for the first time to the case in which a mixed varia-
tional statement (Reissner’s mixed variational theorem) is used. Each of the displacement variables
and out-of-plane stresses is independently treated and different orders of expansions for the different
unknowns can be chosen. Since infinite combinations can be freely chosen for the displacements
ux;uy;uz and for the stresses rxz;ryz;rzz , the generalized unified formulation allows the user to write,
with a single formal theory, 16 theories which can be successfully implemented in a single FEM code.
In addition, this formulation allows the user to treat each unknown independently and, therefore, differ-
ent numerical approaches can be used in the FEM codes based on this generalized unified formulation. All
the theories are originated from 13 independent fundamental nuclei (kernels of the generalized unified
formulation) which are formally invariant and the layerwise mixed theories (analyzed in Part II), mixed
higher order shear deformation theories (analyzed in Part III) and advanced mixed zig-zag models (ana-
lyzed in Part IV) can be studied without extra implementations or theoretical developments. Numerical
performances and convergence properties of a very large amount of new mixed theories are discussed
(Part V) with particular focus on the effects of the orders of expansion in the thickness direction of the
displacements and modeled stresses. Multilayered composite plates will be analyzed. Different mixed
variational statements could be used and the formulation could be easily adopted for multifield problems
such as thermoelastic applications and multilayered plates embedding piezo-layers.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

1.1. What are the advantages of the generalized unified formulation
(GUF) for the generation of an infinite number of theories for
multilayered composite plates

Classical plate theory (CPT), also known as Kirchoff theory [1],
has the advantage of being simple and reliable for thin plates. How-
ever, if there is strong anisotropy of the mechanic properties, or if
the composite plate is relatively thick, other advanced models such
as first order shear deformation theory (FSDT) are required [2–4].
But even these theories are not sufficient if local effects are impor-
tant or accuracy in the calculation of transverse stresses is sought.
Therefore, more advanced plate theories have been developed to in-
clude zig-zag effects (among them see [5–11]). Higher order shear
deformation theories (HSDT) have also been used [12–15], giving
the possibility to increase the accuracy of numerical evaluations
for moderately thick plates. A capability to freely change the orders
used for the expansions of the single variables is then particularly
ll rights reserved.
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useful. In fact, with the above mentioned axiomatic models, a new
combination of orders implies a different theoretical formulation
and different FE matrices. Also, it is desirable to have the freedom
to numerically experiment the type of expansion for better perfor-
mances with the geometry, boundary conditions and loads applied
to the structure. If each ‘‘numerical experiment” requires a new the-
oretical development and a writing of a new code, it is practically
impossible or too costly to actually perform such numerical ap-
proach. Also, in some problems a higher order theory (such as in
the case of thick plates) is required and in others a low order theory
(such as the CPT) is sufficient. All these needs can be met with the use
of the generalized unified formulation. The generalized unified formu-
lation is an extension of Carrera’s unified formulation (CUF) [16–
31]. When GUF is used the FEM matrices are derived from funda-
mental nuclei with dimension 1� 1. Such fundamental nuclei (or
kernels of the generalized unified formulation) are invariant with
respect to the orders used in the expansions of the variables in the
thickness direction. GUF is also indicated for multifield problems.
In the multifield problems the final matrices will be in any case ob-
tained by expanding 1� 1 kernels as in the ‘‘pure” mechanical case.
Another important feature of GUF is that each unknown, whether it
is a displacement or a stress, is treated independently from the other
based on the Generalized Unified Formulation. Part I: ..., Compos
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unknowns. This is particularly appealing in the FEM discretization
because it allows different numerical treatment for each of the vari-
ables. This property of GUF could lead to the derivation of new
numerical techniques. Another property of GUF is that different or-
ders of expansion of the variables can be used. This is important in
view of the creation of a model which is capable to enhance the
importance of some variables with respect to others (for example,
for thin plates the displacement uz needs less terms in the thickness
direction than the in-plane displacements ux and uy, but for thick or
very thick plates this is no longer true). GUF can also be used for an
extensive analysis of thickness locking problems (see [32]).

This paper deals with theories based on Reissner’s mixed varia-
tional theorem (RMVT) (see Refs. [33,34]). Infinite combinations
can be chosen for the expansion of a single displacement or trans-
verse stress. Considering then that the modeled fields are six (dis-
placements ux;uy;uz and stresses rzx, rzy;rzz) it is deduced that16

different theories can be generated with the same formulation and
with the same code.

1.2. What are the new contributions of this work

The generalized unified formulation was introduced for the first
time in the particular case [35] of single layer isotropic plates. It
was stated (but not demonstrated) that the formulation could be
extended to the case of multilayered composite structures and
could include layerwise, equivalent single layer and zig-zag theories.
It was also stated that the formulation could be applied to the case
of mixed variational statements. In a second paper [36] GUF was
applied to a more general case of orthotropic materials and single
layer plates. The stability of the solution (i.e., the displacements)
was demonstrated in both Refs. [35,36]. In particular, it was shown
that even in the case of very different orders used for the displace-
ments ux;uy and uz the solutions did not present oscillations and
were ‘‘stable”. GUF was introduced for the case of displacement-
based theories (i.e., the principle of virtual displacements (PVD)
was the variational statement). The previous conclusions were
valid for the theories obtained using PVD.

The present work is divided into five parts (see [37–40]) which
will answer the following key-questions:

� Question # 1
How is the generalized unified formulation extended to the
mixed cases (i.e., the used variational statement is not the prin-
ciple of virtual displacements but a mixed one)?

This problem is considered in Part I of the present work, where the
governing equations valid for the mixed case in which the variational
statement is represented by Reissner’s mixed variational theorem are
introduced. The expressions of the 1� 1 kernels of the generalized
unified formulation are introduced. These kernels are invariant with
respect to the orders used in the expansion of the displacements and
transverse stresses along the thickness. The kernels are also invariant
with respect to the type of theory: layer wise theories, higher order
shear deformation theories and zig-zag theories, which all have the
same kernels. All the FE matrices (if a FEM approach is used) are ob-
tained from these kernels. Different variational statements produce
different kernels. For example, in the PVD-based theories [35] six ker-
nels were used. But in the case of mixed theories based on Reissener’s
variational theorem 13 kernels are required.

� Question # 2
How is the generalized unified formulation extended to the case
of multilayered structures?

This question is answered in Part I and Part II (see Ref. [37]) of the
present work. Several examples explain how the pressures are applied
Please cite this article in press as: Demasi L, 16 Mixed plate theories
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within the formalism of GUF. Moreover, the expansion of the kernels
introduced in Part I and the consequent generation of the layer matri-
ces and their assembling at multilayer level are shown. The calcula-
tion of the in-plane stresses with the classical form of Hooke’s law
and mixed form of Hooke’s law is discussed. Finally, the expanded
matrices are explicitly reported for a particular case to help the read-
ers reproduce the results of this work. Each layer can be either isotro-
pic or orthotropic (composites). The layers can be arranged in any
combination and no symmetry with respect to the middle plane is re-
quired. Part III (Ref. [38]) and Part IV (Ref. [39]) discuss equivalent sin-
gle layer theories for multilayered structures.

� Question # 3
How is the generalized unified formulation extended to the case
of layerwise theories?

This question is also answered in Part II (Ref. [37]) of the present
work. The imposition of the interlaminar continuity of the displace-
ments (compatibility condition) and transverse stresses (equilib-
rium condition) requires a class of functions used in the thickness
expansion of the variables with some peculiar properties. It is dem-
onstrated (Part II) that a particular combination of Legendre poly-
nomials satisfies these goals. Most of the derivations reported in
Part II could be successfully applied to the case in which PVD-based
layerwise theories are considered.

� Question # 4
How is the generalized unified formulation applied to the case of
equivalent single layer theories such as mixed higher order
shear deformation theories?

This issue is discussed in Part III (Ref. [38]). In particular, it is
demonstrated that the kernels obtained in Part I can be formally
used for the generation of the layer matrices of these higher order
shear deformation theories. The transverse stresses rzx;rzy and rzz

can be kept as unknowns. If so, the quasi-layerwise Reissner’s mixed
variational theorem-based higher order shear deformation theories
(QLRHSDT) are obtained. These theories are discussed in Part III. If
the transverse stresses are not kept as unknowns and the static con-
densation technique is performed, Reissner’s mixed variational theo-
rem-based higher order shear deformation theories (RHSDT) are
obtained. How the theories are created with the same kernels and
formalism of GUF is explained with numerous examples in Part III.
The equilibrium and compatibility conditions are enforced a priori.

� Question # 5
How is the generalized unified formulation extended to the case
of equivalent single layer theories which include the zig-zag
effects?

The inclusion of Murakami’s zig-zag function is discussed in the
case of theories based on GUF. This discussion is presented in Part
IV (Ref. [39]). In particular, Reissner’s mixed variational theorem-
based zig-zag theories (RZZT) and quasi-layerwise Reissner’s mixed
variational theorem-based zig-zag theories (QLRZZT) are introduced
and analyzed in detail. How these theories are again obtained from
the same kernels of the generalized unified formulation (presented
in Part I) is discussed with numerous examples. The equilibrium
and compatibility conditions are enforced a priori, as in the cases
analyzed in Part II and Part III.

� Question # 6
In the case in which the used variational statement is Reissner’s
mixed variational theorem, will the unknown fields represented
by the displacements ux;uy and uz and the stresses rzx;rzy and
rzz be numerically ‘‘stable” without oscillations?
based on the Generalized Unified Formulation. Part I: ..., Compos
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This important question is answered in Part V (Ref. [40]). It is
demonstrated that the relative orders used for the displacements
and transverse stresses are key factors that determine the numer-
ical stability of the solution represented by the displacement and
stress fields. In some cases the orders are such that the displace-
ments show numerical oscillations. In some other cases the out-
of-plane stresses calculated a priori present oscillations. Several
classes of theories are studied and the stable and unstable cases
are discussed in detail. New benchmarks are presented and a large
amount of new theories are presented for the first time in the
literature.

� Question # 7
In case the oscillations are possible, under which conditions do
they arise? How can the oscillations be eliminated or reduced?
Do layerwise theories behave differently with respect to the
equivalent single layer theories with or without zig-zag effects?

These issues are discussed in Part V (Ref. [40]). ‘‘Practical” reci-
pes to avoid numerical difficulties are given with examples. New
test cases are proposed to asses a very large amount of new layer-
wise, higher order shear deformation and zig-zag theories. It is
demonstrated that the behavior of the equivalent single layer the-
ories is different than the behavior shown by the layerwise theo-
ries. It is also presented that many key numerical performances
of equivalent single layer models can be explained by considering
the class of theories presented for the layerwise cases. Therefore, it
is demonstrated that the layerwise theories are fundamental in the
study of equivalent single layer models with or without the inclu-
sion of zig-zag effects. Past studies [31] about poor convergence of
the equivalent single layer theories, as far as the a priori out-of-
plane stresses are concerned, are reinterpreted using the finding
of this work. Carrera’s findings are integrated with the present
study and a new light is shed on the issue of the calculation of
out-of-plane shear and normal stresses with Reissner’s mixed var-
iational theorem.

� Question # 8
In the literature it was demonstrated that in equivalent single
layer theories based on Reissner’s mixed variational theorem it
was always convenient to add Murakami’s zig-zag function to
improve the accuracy of the results. Is this true in all cases when
the orders of the displacements and stresses are let free to vary?

This question is again answered in Part V (Ref. [40]). It is dem-
onstrated that it is not always convenient to add the zig-zag func-
tion. This is a less intuitive result and can be demonstrated
considering the numerical performances of the mixed theories
when the orders of displacements are changed independently
from the orders used for the stresses. A zig-zag theory could be
seen as a higher order shear deformation theory with the inclu-
sion of a zig-zag function. The initial orders used in the starting
higher order shear deformation theory that is being ‘‘improved”
(with the addition of the zig-zag function) affect the answer to
this question.
2. Classification of the theories

The main feature of the generalized unified formulation is that
the descriptions of layerwise theories, higher order shear deforma-
tion theories and zig-zag theories do not show any formal differ-
ences. So, with just one theoretical model an infinite number of
different approaches can be considered. For example, in the case
of moderately thick plates a higher order theory could be sufficient
but for thick plates layerwise models may be required. With GUF
Please cite this article in press as: Demasi L, 16 Mixed plate theories
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the two approaches are formally identical because the kernels
are invariant with respect to the theory.

In the present work the concepts of type of theory and class of
theories are introduced. The following types of theories are
discussed:

� Reissner’s mixed variational theorem-based higher order shear
deformation theories (RHSDT)

These theories are equivalent single layer models because the
displacement field is unique and independent of the number
of layers. These theories will be discussed in Part III.

� Quasi-layerwise Reissner’s mixed variational theorem-based
higher order shear deformation theories (QLRHSDT)
These theories are equivalent single layer models for the dis-
placement fields but the out-of-plane stresses have a layerwise
description. The difference between RHSDT and QLRHSDT is that
in the first case the static condensation technique (SCT) is
applied and the stresses are eliminated and calculated a posteri-
ori. These theories will be discussed in Part III.

� Reissner’s mixed variational theorem-based higher order shear
deformation theories with zig-zag effects included (RHSDTZ)
These theories are equivalent single layer models and the so
called zig-zag form of the displacements is taken into account
by using Murakami’s zig-zag function (MZZF). The static con-
densation technique is performed and the stresses rzx;rzy and
rzz are calculated a posteriori (but their continuity is imposed
a priori). These theories will be discussed in Part IV.

� Quasi-layerwise Reissner’s mixed variational theorem-based
higher order shear deformation theories with zig-zag effects
included (QLRHSDTZ)
These theories are equivalent single layer models and the so
called zig-zag form of the displacements is taken into account
by using Murakami’s zig-zag function (MZZF). The static con-
densation technique is not performed and the stresses rzx;rzy

and rzz are calculated a priori. These theories will be discussed
in Part IV.

� Layerwise Reissner’s mixed variational theorem-based theories
(LRT)
These theories are the most accurate ones because all the displace-
ments and out-of-plane stresses have a layerwise description.
These models are necessary when local effects need to be
described. The price is of course (in FEM applications) in higher
computational time. These theories will be discussed in Part II.

An infinite number of theories which have a particular logic in
the selection of the used orders of expansion is defined as class of
theories. For example, the infinite layerwise theories which have
the displacements ux;uy and uz expanded along the thickness with
a polynomial of order N and which have the stresses rzx;rzy and rzz

expanded along the thickness with a polynomial of order N þ 3 are
a class of theories. The infinite theories which have the in-plane
displacements ux and uy expanded along the thickness with order
N, the out of plane displacement expanded along the thickness
with order N � 1 and the stresses expanded along the thickness
with order M are another class of theories.

The concept of class of theories will be discussed in detail in Part
V and will be used to address the numerical instabilities that may
arise in some cases.
3. The generalized unified formulation for multilayered
composite plates

Both layerwise and equivalent single layer models are axiom-
atic approaches. That is, the unknowns are expanded along the
thickness by using a chosen series of functions.
based on the Generalized Unified Formulation. Part I: ..., Compos



Fig. 1. Multilayered plate: notations and definitions.

Fig. 2. generalized unified formulation. Master and slave indices.
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When the principal of virtual displacements is used, the un-
knowns are the displacements. When Reissner’s mixed variational
theorem is used the unknowns are the displacements and the out-
of-plane stresses. This variational statement has then the advan-
tage that the compatibility of the displacements and the equilib-
rium between two adjacent layers can be ‘‘naturally” satisfied.
This is the main reason why RMVT can be considered a powerful
tool for the analysis of multilayered plates.

The generalized unified formulation is introduced here consid-
ering a generic layer k of a multilayered plate structure. This is
the most general approach and the equivalent single layer theories,
which consider the displacement unknowns to be layer-indepen-
dent, can be derived from this formulation with some simple for-
mal techniques as will be demonstrated in Part III and Part IV. To
begin with, consider a theory denoted as Theory I, in which the dis-
placement in x direction uk

x has four degrees of freedom.1 This
means that for displacement uk

x we have four unknowns. Each un-
known multiplies a known function of the thickness coordinate z.
Where the origin of the coordinate z is measured is not important.
However, from a practical point of view it is convenient to assume
that the middle plane of the plate is also the plane with z ¼ 0. For
layer k is then zbotk

6 z 6 ztopk
. zbotk

is the global coordinate z of the
bottom surface of layer k and ztopk

is the global coordinate z of the
top surface of layer k (see Fig. 1). hk ¼ ztopk

� zbotk
is the thickness

of layer k and h is the thickness of the plate.
The x component of the displacement vector of layer k is indi-

cated with uk
x . In the case of Theory I, uk

x is expressed as follows:

uk
xðx; y; zÞ ¼ f k

1 ðzÞ
zffl}|ffl{known

�uk
x1
ðx; yÞ

zfflfflfflfflffl}|fflfflfflfflffl{unknown 1

þ f k
2 ðzÞ
zffl}|ffl{known

� uk
x2
ðx; yÞ

zfflfflfflfflffl}|fflfflfflfflffl{unknown 2

þ f k
3 ðzÞ
zffl}|ffl{known

� uk
x3
ðx; yÞ

zfflfflfflfflffl}|fflfflfflfflffl{unknown 3

þ f k
4 ðzÞ
zffl}|ffl{known

� uk
x4
ðx; yÞ

zfflfflfflfflffl}|fflfflfflfflffl{unknown 4

zbotk
6 z 6 ztopk

ð1Þ

The functions f k
1 ðzÞ; f k

2 ðzÞ; f k
3 ðzÞ and f k

4 ðzÞ are known functions (axi-
omatic approach). These functions could be, for example, a series
of trigonometric functions of the thickness coordinate z. Polyno-
mials (or even better orthogonal polynomials) could be selected.
In the most general case each layer has different functions. For
example, f k

1 ðzÞ 6¼ f kþ1
1 ðzÞ. The next formal step is to modify the

notation.
The following functions are defined:

xFk
t ðzÞ ¼ f k

1 ðzÞ xFk
2ðzÞ ¼ f k

2 ðzÞ
xFk

3ðzÞ ¼ f k
3 ðzÞ xFk

bðzÞ ¼ f k
4 ðzÞ

ð2Þ
1 In FEM applications the number of degrees of freedom depends also on the mesh.
Here we consider only the degrees of freedom related to the expansions in the
thickness direction.
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The logic behind these definitions is the following:

� The first function f k
1 ðzÞ is defined as xFk

t . Notice the superscript x.
It was added to clarify that the displacement in x direction, uk

x , is
under investigation. The subscript t now seems without any util-
ity. However, later it will identify the quantities at the ‘‘top” of
the plate and, therefore, will be useful in the assembling of the
stiffness matrices in the thickness direction. This aspect will
be discussed in Part II.

� The last function f k
4 ðzÞ is defined as xFk

b. Notice again the super-
script x. The subscript b means ‘‘bottom” and, again, its utility
will be clear when the matrices are assembled.

� The intermediate functions f k
2 ðzÞ and f k

3 ðzÞ are defined simply as
xFk

2 and xFk
3.

To be consistent with the definitions of equation 2, the follow-
ing unknown quantities are defined:

uk
xt
ðx; yÞ ¼ uk

x1
ðx; yÞ uk

xb
ðx; yÞ ¼ uk

x4
ðx; yÞ ð3Þ

Using the definitions reported in Eqs. (2) and (3), Eq. (1) can be
rewritten as

uk
xðx; y; zÞ ¼ xFk

t ðzÞ
zfflffl}|fflffl{known

� uk
xt
ðx; yÞ

zfflfflfflffl}|fflfflfflffl{unknown 1

þ xFk
2ðzÞ

zfflffl}|fflffl{known

� uk
x2
ðx; yÞ

zfflfflfflfflffl}|fflfflfflfflffl{unknown 2

þ xFk
3ðzÞ

zfflffl}|fflffl{known

� uk
x3
ðx; yÞ

zfflfflfflfflffl}|fflfflfflfflffl{unknown 3

þ xFk
bðzÞ

zfflffl}|fflffl{known

� uk
xb
ðx; yÞ

zfflfflfflfflffl}|fflfflfflfflffl{unknown 4

zbotk
6 z 6 ztopk

ð4Þ

It is supposed that each function of z is a polynomial. The order of
the expansion is then 3 and indicated as Nk

ux
. Each layer has in gen-

eral a different order. Thus, in general Nk
ux
6¼ Nkþ1

ux
. If the functions of

z are not polynomials (for example, this is the case if trigonometric
functions are used) then Nk

ux
is just a parameter related to the num-

ber of terms or degrees of freedom used to describe the displace-
ment uk

x in the thickness direction. This concept will be clear later.
The expression representing the displacement uk

x can be put in a
compact form by using the generalized unified formulation [35]
as follows:

uk
xðx; y; zÞ ¼ xFk

aux
ðzÞ � uk

xaux
ðx; yÞ aux ¼ t; l; b; l ¼ 2; . . . ;Nk

ux
ð5Þ

where, in the example, Nk
ux
¼ 3. The thickness primary master index

a has the subscript ux. This subscript from now on will be called
slave index. It is introduced to show that the displacement ux is con-
sidered. Fig. 2 explains these definitions.

Consider another example. Suppose that the displacement uk
x of

a particular theory is expressed with 3 degrees of freedom. In that
case it is possible to write:

uk
xðx; y; zÞ ¼ f k

1 ðzÞ
zffl}|ffl{known

� uk
x1
ðx; yÞ

zfflfflfflfflffl}|fflfflfflfflffl{unknown 1

þ f k
2 ðzÞ
zffl}|ffl{known

� uk
x2
ðx; yÞ

zfflfflfflfflffl}|fflfflfflfflffl{unknown 2

þ f k
3 ðzÞ
zffl}|ffl{known

� uk
x3
ðx; yÞ

zfflfflfflfflffl}|fflfflfflfflffl{unknown 3

ð6Þ
based on the Generalized Unified Formulation. Part I: ..., Compos
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By adopting the definitions earlier used for the case of 4 degrees of
freedom it is possible to rewrite Eq. 6 in the following equivalent
form:

uk
xðx; y; zÞ ¼ xFk

t ðzÞ
zfflffl}|fflffl{known

� uk
xt
ðx; yÞ

zfflfflfflffl}|fflfflfflffl{unknown 1

þ Fk
2ðzÞ
zfflffl}|fflffl{known

� uk
x2
ðx; yÞ

zfflfflfflfflffl}|fflfflfflfflffl{unknown 2

þ xFk
bðzÞ

zfflffl}|fflffl{known

� uk
xb
ðx; yÞ

zfflfflfflfflffl}|fflfflfflfflffl{unknown 3

ð7Þ

which can be put again in the form shown in Eq. 5 with Nk
ux
¼ 2. It

can then be deduced that:

� Nk
ux

is DOFk
ux
� 1, where DOFk

ux
is the number of degrees of free-

dom (at layer level) used for the displacement uk
x . In the case

of zig-zag theories it will be shown that Nk
ux
¼ DOFk

ux
� 2 because

one degree of freedom is used for the zig-zag function. However,
for now this aspect will not be considered and will be analyzed
in detail in Part IV.

� The minimum number of degrees of freedom is 2. This is a
choice used to facilitate the assembling in the thickness direc-
tion. In fact, the ‘‘top” and ‘‘bottom” terms will be always pres-
ent. In the case in which DOFk

ux
¼ 2 the generalized unified

formulation is simply

uk
xðx; y; zÞ ¼ xFk

aux
ðzÞ � uk

xaux
ðx; yÞ aux ¼ t; b ð8Þ

Notice that the ‘‘l” term of Eq. (5) is not present.
� An infinite number of theories can be included in Eq. (5). It is in

fact sufficient to change the value of Nk
ux

. It should be observed
that formally there is no difference between two distinct theo-
ries (obtained by changing Nk

ux
). It is introduced the terminology

that 11 theories can be represented by Eq. (5).

The other displacements uk
y and uk

z can be treated in a similar
fashion. The stresses rk

zx;rk
zy and rk

zz can be represented by the gen-
eralized unified formulation. To do so it is sufficient to define

sk
x ¼ rk

zx sk
y ¼ rk

zy sk
z ¼ rk

zz ð9Þ

and treat, from a formal point of view, sk
x ; s

k
y and sk

z as displacements.
Considering what has been said, the generalized unified formula-
Fig. 3. Concepts of compact notations in the case of RMVT-based theorie
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tion for all the displacements and out-of-plane stresses is the
following:

uk
x ¼ xFtuk

xt
þ xFluk

xl
þ xFbuk

xb
¼ xFaux

uk
xaux

aux ¼ t; l; b; l ¼ 2; . . . ;Nux

uk
y ¼ yFtuk

yt
þ yFmuk

ym
þ yFbuk

yb
¼ yFauy

uk
yauy

auy ¼ t;m; b; m ¼ 2; . . . ;Nuy

uk
z ¼ zFtuk

zt
þ zFnuk

zn
þ zFbuk

zb
¼ zFauz

uk
zauz

auz ¼ t;n; b; n ¼ 2; . . . ;Nuz

sk
x ¼ xF tsk

xt
þ xF psk

xp
þ xFbsk

xb
¼ xF asx

sk
xasx

asx ¼ t;p; b; p ¼ 2; . . . ;Nsx

sk
y ¼ yF tsk

yt
þ yF qsk

yq
þ yFbsk

yb
¼ yFasy

sk
yasy

asy ¼ t; q; b; q ¼ 2; . . . ;Nsy

sk
z ¼ zF tsk

zt
þ zF rsk

zr
þ zF bsk

zb
¼ zFasz

sk
zasz

asz ¼ t; r; b; r ¼ 2; . . . ;Nsz

ð10Þ

For the out-of-plane stresses sk
x ; s

k
y and sk

z the functions of the thick-
ness coordinate are indicated with the symbol F instead of the
symbol F to distinguish the case in which stresses are considered
from the case in which displacements are considered. Also, for the
stresses, the slave indices sx; sy and sz are used instead of ux; uy

and uz. The formalism is very similar in both the displacements
and out-of-plane stresses cases. In Eq. (10), for simplicity it is as-
sumed that the type of functions is the same for each layer and that
the same number of terms is used for each layer. This assumption
will make it possible to adopt the same generalized unified formu-
lation for all types of theories, and layerwise and equivalent single
layer theories will not show formal differences. This concept means,
for example, that if displacement uy is approximated with four
terms in a particular layer k then it will be approximated with four
terms in all layers of the multilayered structure.

Each variable can be expanded in11 combinations. In fact, it is
sufficient to change the number of terms used for each variable.
Since there are six variables (the displacements and transverse
stresses), it is concluded that Eq. (10) includes 16 different
theories. For example, it is possible to have a plate theory with
s. Carrera’s unified formulation and generalized unified formulation.

based on the Generalized Unified Formulation. Part I: ..., Compos
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cubic expansion along the thickness of the in-plane displacements
and out-of-plane shear stresses and parabolic expansion along the
thickness of the displacement uk

z and transverse stress rk
zz ¼ sk

z . The
user can freely decide the theory, and without formulating a new
theoretical development and modifying the code 16 theories can
be tested and assessed. From Eq. (10) it is also deduced that every
variable can be independently treated, and this is particularly use-
ful in the implementations of new numerical techniques. Also, the
user can change theory considering the needs. For example, if a
thin plate is analyzed, the order of out-of-plane displacement uz

can be small. On the contrary, to get the convergence in the case
of thick plates the orders used for the different variables have to
be increased. All this freedom is the power of the generalized uni-
fied formulation: in one formalism 16 theories are included. The
generalized unified formulation is a generalization of Carrera’s uni-
fied formulation [31]. The main difference between the two com-
pact notations are summarized in Fig. 3, where the case of
Reissner’s mixed variational theorem is considered. if the varia-
tional statement is changed then the number of fundamental nu-
clei required to generate the theories is different.

4. Classical form of Hooke’s law (CFHL)

To apply RMVT the mixed form of Hooke’s law (MFHL), which is
obtained from the classical form of Hooke’s law (CFHL), is required.
For this reason, the classical form of Hooke’s law (CFHL), which re-
lates the stresses to the strains is discussed. Its explicit form for
orthotropic materials is the following:

rxx

ryy

rxy

rxz

ryz

rzz

2666666664

3777777775
¼

eC11
eC12

eC16 0 0 eC13eC12
eC22

eC26 0 0 eC23eC16
eC26

eC66 0 0 eC36

0 0 0 eC55
eC45 0

0 0 0 eC45
eC44 0eC13

eC23
eC36 0 0 eC33

26666666664

37777777775

exx

eyy

cxy

cxz

cyz

ezz

2666666664

3777777775
ð11Þ

whereeC11 ¼ C4C11 þ 2S2C2C12 þ S4C22 þ 4S2C2C66eC12 ¼ S2C2C11 þ C4C12 þ S4C12 þ S2C2C22

� 4S2C2C66eC16 ¼ SC3C11 þ S3CC12 � SC3C12 � S3CC22

� 2SC3C66 þ 2S3CC66eC13 ¼ C2C13 þ S2C23eC22 ¼ S4C11 þ 2S2C2C12 þ C4C22 þ 4S2C2C66eC26 ¼ S3CC11 þ SC3C12 � S3CC12 � SC3C22

þ 2SC3C66 � 2S3CC66eC23 ¼ S2C13 þ C2C23eC66 ¼ S2C2C11 � 2S2C2C12 þ S2C2C22

þ C66C4 � 2S2C2C66 þ C66S4

eC36 ¼ SCC13 � SCC23eC55 ¼ C2C55 þ S2C44eC45 ¼ SCC55 � SCC44eC44 ¼ S2C55 þ C2C44eC33 ¼ C33

ð12Þ

The definitions C ¼ cos# and S ¼ sin# were used, where # is the
rotation angle between the material coordinates and problem coor-
dinates [41]. If # ¼ 0=90 then eC16 ¼ eC26 ¼ eC36 ¼ eC45 ¼ 0. The coeffi-
cients of Hooke’s law in material coordinates are
Please cite this article in press as: Demasi L, 16 Mixed plate theories
Struct (2008), doi:10.1016/j.compstruct.2008.07.013
C11 ¼
1� t23t32

D
E11; C12 ¼

t21 þ t23t31

D
E11;

C22 ¼
1� t13t31

D
E22

C13 ¼
t21t32 þ t31

D
E11; C23 ¼

t32 þ t12t31

D
E22;

C33 ¼
1� t12t21

D
E33

C44 ¼ G23; C55 ¼ G13; C66 ¼ G12

D ¼ 1� t23t32 � t12t21 � t13t31 � 2t21t32t13

t32 ¼
E33

E22
t23; t21 ¼

E22

E11
t12; t31 ¼

E33

E11
t13

ð13Þ

The independent parameters used in the definition of the material
properties are nine: t12; t13; t23;G12;G13;G23; E11; E22 and E33. In the
case of isotropic materials only two parameters are needed: the
Poisson’s ratio and the elastic modulus.

5. Mixed form of Hooke’s law (MFHL)

The classical form of Hooke’s law can be written in a compact
form as

rp

rn

� �
¼

eCpp
eCpneCnp
eCnn

" #
ep

en

� �
ð14Þ

where

rp ¼ rxx ryy rxy½ �T; rn ¼ rxz ryz rzz½ �T ð15Þ

ep ¼ exx eyy cxy

� �T
; en ¼ cxz cyz ezz

� �T ð16Þ

The mixed form of Hooke’s law is now derived. From the second
relation of Eq. (14), it is possible to express en as a function of rn

and ep:

en ¼ ðeCnnÞ�1
rn � ðeCnnÞ�1eCnpep ð17Þ

Substituting into the expression of the in-plane stresses (first rela-
tion of Eq. (14)):

rp ¼ ½eCpp � eCpnðeCnnÞ�1eCnp�ep þ eCpnðeCnnÞ�1
rn ð18Þ

Hence, MFHL is

rp

en

� �
¼

Cpp Cpn

Cnp Cnn

� �
ep

rn

� �
ð19Þ

where

Cpp ¼ eCpp � eCpnðeCnnÞ�1eCnp

Cpn ¼ eCpnðeCnnÞ�1

Cnp ¼ �ðeCnnÞ�1eCnp

Cnn ¼ ðeCnnÞ�1

ð20Þ

explicitly

Cpp ¼

eC11 � ð
eC 13Þ2eC 33

eC 12 �
eC 13eC 33

eC23
eC16 �

eC 13eC 33

eC36

eC12 �
eC 13eC 33

eC 23
eC 22 � ð

eC 23Þ2eC 33

eC26 �
eC 23eC 33

eC36

eC16 �
eC 13eC 33

eC 36
eC 26 �

eC 23eC 33

eC36
eC66 � ð

eC 36Þ2eC 33

26666664

37777775;

Cpn ¼

0 0
eC 13eC 33

0 0
eC 23eC 33

0 0
eC 36eC 33

26666664

37777775 ð21Þ
based on the Generalized Unified Formulation. Part I: ..., Compos
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Cnp ¼

0 0 0
0 0 0

�eC 13eC 33

�eC 23eC 33

�eC 36eC 33

2664
3775;

Cnn ¼

eC 44eC 55
eC 44�ðeC 45Þ2

� eC 45eC 55
eC 44�ðeC 45Þ2

0

� eC 45eC 55
eC 44�ðeC 45Þ2

eC 55eC 55
eC 44�ðeC 45Þ2

0

0 0 1eC 33

26666664

37777775 ð22Þ

Formally, Hooke’s law in the mixed case is

rxx

ryy

rxy

cxz

cyz

ezz

2666666664

3777777775
¼

C11 C12 C16 0 0 C13

C12 C22 C26 0 0 C23

C16 C26 C66 0 0 C36

0 0 0 C55 C45 0
0 0 0 C45 C44 0
�C13 �C23 �C36 0 0 C33

2666666664

3777777775

exx

eyy

cxy

rxz

ryz

rzz

2666666664

3777777775
ð23Þ

The expressions of the coefficients as functions of the CFHL coeffi-
cients can be deduced directly from Eqs. (23), (22), (21) and (19).

6. Reissner’s mixed variational theorem (RMVT)

It is fundamental to have a tool which allows to model the
transverse stresses and enforce the continuity through the thick-
ness. Starting from the Hellinger–Reissner functional (see [42]),
with a few transformations (partial Legendre transformation) it is
not difficult to obtain the Reissner’s mixed variational theorem
([33,34]):Z

v
½deT

pGrpH þ deT
nGrnM þ drT

nMðenG � enHÞ�dv ¼ dLe ð24Þ

where v denotes the multilayered body volume and dLe is the exter-
nal virtual work. Subscript H means that the quantities are calcu-
lated by using MFHL, subscript G means that the strains are
calculated by using the geometric relations (the relations which re-
late the strains to the derivative of the displacements) and subscript
M means that the transverse stresses are modeled with an axiom-
atic approach.

7. Governing equations

Consider layer k of a multilayered plate composed of Nl layers.
The Reissner equation, in the case of pressures applied at the top
and bottom of each layer k, isZ

Xk

Z ztopk

zbotk

½dekT
pGrk

pH þ dekT
nGrk

nM þ drkT
nMðek

nG � ek
nHÞ�dzdxdy ¼

þ
Z

Xk
duk

xðx; y; z ¼ ztopk
ÞPk t

x ðx; y; z ¼ ztopk
Þdxdy

þ
Z

Xk
duk

yðx; y; z ¼ ztopk
ÞPk t

y ðx; y; z ¼ ztopk
Þdxdy

þ
Z

Xk
duk

zðx; y; z ¼ ztopk
ÞPk t

z ðx; y; z ¼ ztopk
Þdxdy

þ
Z

Xk
duk

xðx; y; z ¼ zbotk
ÞPk b

x ðx; y; z ¼ zbotk
Þdxdy

þ
Z

Xk
duk

yðx; y; z ¼ zbotk
ÞPk b

y ðx; y; z ¼ zbotk
Þdxdy

þ
Z

Xk
duk

zðx; y; z ¼ zbotk
ÞPk b

z ðx; y; z ¼ zbotk
Þdxdy

þ
Z

Ck
r

Z ztopk

zbotk

½duk
nr

k
nn þ duk

sr
k

ns þ duk
zr

k
nz�dzds

ð25Þ
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where Pk t
x ; P

k t
y and Pk t

z are the top pressures (applied at z ¼ ztopk
),

Pk b
x ; Pk b

y and Pk b
z are the bottom pressures (applied at z ¼ zbotk

),
r k

nn;r k
ns and r k

nz are the specified normal and tangential components
measured per unit area, uk

n;u
k
s and uk

z are the normal and tangential
displacements on the edge Ck

r in which the stresses are specified. It
is assumed that Xk ¼ X. The geometrical relations can be rewritten
using the formalism introduced for the generalized unified formula-
tion as follows:

ek
xx ¼

ouk
x

ox
¼ xFaux

uk
xaux ;x

ek
yy ¼

ouk
y

oy
¼ yFauy

uk
yauy ;y

ck
xy ¼

ouk
x

oy
þ

ouk
y

ox
¼ xFaux

uk
xaux ;y

þ yFauy
uk

yauy ;x

ck
xz ¼

ouk
z

ox
þ ouk

x

oz
¼ zFauz

uk
zauz ;x

þ xFaux ;z
uk

xaux

ck
yz ¼

ouk
z

oy
þ

ouk
y

oz
¼ zFauz

uk
zauz ;y

þ yFauy ;z
uk

yauy

ek
zz ¼

ouk
z

oz
¼ zFauz ;z

uk
zauz

ð26Þ

The out-of-plane stresses can be expanded along the thickness
using GUF (see Eq. 10):

rk
zx ¼ sk

x ¼ xF asx
sk

xasx

rk
zy ¼ sk

y ¼ yFasy
sk

yasy

rk
zz ¼ sk

z ¼ zF asz
sk

zasz

ð27Þ

To elaborate the terms of Eq. (25), mixed form of Hookes’ law (Eq.
23) is used

dekT
pGrk

pH ¼ dek
xxCk

11e
k
xx þ dek

xxCk
12e

k
yy þ dek

xxCk
16c

k
xy þ dek

xxCk
13r

k
zz

þ dek
yyCk

12e
k
xx þ dek

yyCk
22e

k
yy þ dek

yyCk
26c

k
xy þ dek

yyCk
23r

k
zz

þ dck
xyCk

16e
k
xx þ dck

xyCk
26e

k
yy þ dck

xyCk
66c

k
xy þ dck

xyCk
36r

k
zz

ð28Þ
ekT

nGrk
nM ¼ dck

xz sk
x þ dck

yz sk
y þ dek

zz sk
z ð29Þ

rkT
nMek

nG ¼ dsk
xc

k
xz þ dsk

yc
k
yz þ d sk

ze
k
zz ð30Þ

� drkT
nMek

nH ¼ �dsk
xCk

55sk
x � dsk

xCk
45sk

y � dsk
yCk

45sk
x � dsk

yCk
44sk

y

þ dsk
z Ck

13e
k
xx þ dsk

z Ck
23e

k
yy þ dsk

z Ck
36c

k
xy � dsk

z Ck
33sk

z ð31Þ

Using the geometric relations (Eq. 26) and the expressions adopted
for the stresses (Eq. 27):

dekT
pGrk

pH ¼ Ck
11

xFaux

xFbux
duk

xaux ;x
uk

xbux ;x
þ Ck

12
xFaux

yFbuy
duk

xaux ;x
uk

ybuy ;y

þ Ck
16

xFaux

xFbux
duk

xaux ;x
uk

xbux ;y
þ Ck

16
xFaux

yFbuy
duk

xaux ;x
uk

ybuy ;x

þ Ck
13

xFaux

zF bsz
duk

xaux ;x
sk

zbsz
þ Ck

12
yFauy

xFbux
duk

yauy ;y
uk

xbux ;x

þ Ck
22

yFauy

yFbuy
duk

yauy ;y
uk

ybuy ;y
þ Ck

26
yFauy

xFbux
duk

yauy ;y
uk

xbux ;y

þ Ck
26

yFauy

yFbuy
duk

yauy ;y
uk

ybuy ;x
þ Ck

23
yFauy

zF bsz
duk

yauy ;y
sk

zbsz

þ Ck
16

xFaux

xFbux
duk

xaux ;y
uk

xbux ;x
þ Ck

16
yFauy

xFbux
duk

yauy ;x
uk

xbux ;x

þ Ck
26

xFaux

yFbuy
duk

xaux ;y
uk

ybuy ;y
þ Ck

26
yFauy

yFbuy
duk

yauy ;x
uk

ybuy ;y

þ Ck
66

xFaux

xFbux
duk

xaux ;y
uk

xbux ;y
þ Ck

66
yFauy

xFbux
duk

yauy ;x
uk

xbux ;y

þ Ck
66

xFaux

yFbuy
duk

xaux ;y
uk

ybuy ;x
þ Ck

66
yFauy

yFbuy
duk

yauy ;x
uk

ybuy ;x

þ Ck
36

xFaux

zF bsz
duk

xaux ;y
sk

zbsz
þ Ck

36
yFauy

zF bsz
duk

yauy ;x
sk

zbsz

ð32Þ

dekT
nGrk

nM ¼ zFauz

xF bsx
duk

zauz ;x
sk

xbsx
þ xFaux ;z

xF bsx
duk

xaux
sk

xbsx

þ zFauz

yF bsy
duk

zauz ;y
sk

ybsy
þ yFauy ;z

yF bsy
duk

yauy
sk

ybsy

þ zFauz ;z
zF bsz

duk
zauz

sk
zbsz

ð33Þ
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drkT
nMek

nG ¼ xF asx

zFbuz
dsk

xasx
uk

zbuz ;x
þ xFasx

xFbux ;z
dsk

xasx
uk

xbux

þ yF asy

zFbuz
dsk

yasy
uk

zbuz ;y
þ yF asy

yFbuy ;z
dsk

yasy
uk

ybuy

þ zF asz

zFbuz ;z
dsk

zasz
uk

zbuz
ð34Þ

�drkT
nMek

nH ¼ �Ck
55

xFasx

xF bsx
dsk

xasx
sk

xbsx
� Ck

45
xF asx

yF bsy
dsk

xasx
sk

ybsy

� Ck
45

yF asy

xF bsx
dsk

yasy
sk

xbsx
� Ck

44
yFasy

yF bsy
dsk

yasy
sk

ybsy

þ Ck
13

zF asz

xFbux
dsk

zasz
uk

xbux ;x
þ Ck

23
zFasz

yFbuy
dsk

zasz
uk

ybuy ;y

þ Ck
36

zF asz

xFbux
dsk

zasz
uk

xbux ;y
þ Ck

36
zFasz

yFbuy
dsk

zasz
uk

ybuy ;x

� Ck
33

zF asz

zF bsz
dsk

zasz
sk

zbsz
ð35Þ

Therefore, it can be inferred (see Fig. 4 for the definitions related to
the integrals along the thickness) thatZ

Xk

Z ztopk

zbotk

dekT
pGrk

pHdzdxdy

¼ þZ
k aux bux
11 ux ux

Z
Xk

duk
xaux ;x

uk
xbux ;x

dxdyþ Z
k aux buy
12 ux uy

Z
Xk

duk
xaux ;x

uk
ybuy ;y

dxdy

þ Zk aux bux
16 ux ux

Z
Xk

duk
xaux ;x

uk
xbux ;y

dxdyþ Z
k aux buy
16 ux uy

Z
Xk

duk
xaux ;x

uk
ybuy ;x

dxdy

þ Z
k aux bsz
13 ux sz

Z
Xk

duk
xaux ;x

sk
zbsz

dxdyþ Z
k auy bux
12 uy ux

Z
Xk

duk
yauy ;y

uk
xbux ;x

dxdy

þ Z
k auy buy
22 uy uy

Z
Xk

duk
yauy ;y

uk
ybuy ;y

dxdyþ Z
k auy bux
26 uy ux

Z
Xk

duk
yauy ;y

uk
xbux ;y

dxdy

þ Z
k auy buy
26 uy uy

Z
Xk

duk
yauy ;y

uk
ybuy ;x

dxdyþ Z
k auy bsz
23 uy sz

Z
Xk

duk
yauy ;y

sk
zbsz

dxdy

þ Zk aux bux
16 ux ux

Z
Xk

duk
xaux ;y

uk
xbux ;x

dxdyþ Z
k auy bux
16 uy ux

Z
Xk

duk
yauy ;x

uk
xbux ;x

dxdy

þ Z
k aux buy
26 ux uy

Z
Xk

duk
xaux ;y

uk
ybuy ;y

dxdyþ Z
k auy buy
26 uy uy

Z
Xk

duk
yauy ;x

uk
ybuy ;y

dxdy

þ Zk aux bux
66 ux ux

Z
Xk

duk
xaux ;y

uk
xbux ;y

dxdyþ Z
k auy bux
66 uy ux

Z
Xk

duk
yauy ;x

uk
xbux ;y

dxdy

þ Z
k aux buy
66 ux uy

Z
Xk

duk
xaux ;y

uk
ybuy ;x

dxdyþ Z
k auy buy
66 uy uy

Z
Xk

duk
yauy ;x

uk
ybuy ;x

dxdy

þ Z
k aux bsz
36 ux sz

Z
Xk

duk
xaux ;y

sk
zbsz

dxdyþ Z
k auy bsz
36 uy sz

Z
Xk

duk
yauy ;x

sk
zbsz

dxdy

ð36Þ
Fig. 4. GUF. Example of some definitions rela
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Z
Xk

Z ztopk

zbotk

dekT
nGrk

nMdzdxdy

¼ þZ
k auz bsx
uz sx

Z
Xk

duk
zauz ;x

sk
xbsx

dxdyþ Z
k aux ;zbsx
ux sx

Z
Xk

duk
xaux

sk
xbsx

dxdy

þ Z
k auz bsy
uz sy

Z
Xk

duk
zauz ;y

sk
ybsy

dxdyþ Z
k auy ;zbsy
uy sy

Z
Xk

duk
yauy

sk
ybsy

dxdy

þ Z
k auz ;zbsz
uz sz

Z
Xk

duk
zauz

sk
zbsz

dxdy ð37Þ

Z
Xk

Z ztopk

zbotk

drkT
nMek

nG dzdxdy ¼ þZ
k asx buz
sx uz

Z
Xk

dsk
xasx

uk
zbuz ;x

dxdy

þ Z
k asx bux ;z
sx ux

Z
Xk

dsk
xasx

uk
xbux

dxdyþ Z
k asy buz
sy uz

Z
Xk

dsk
yasy

uk
zbuz ;y

dxdy

þ Z
k asy buy ;z
sy uy

Z
Xk

dsk
yasy

uk
ybuy

dxdyþ Z
k asz buz ;z
sz uz

Z
Xk

dsk
zasz

uk
zbuz

dxdy

ð38Þ

�
Z

Xk

Z ztopk

zbotk

drkT
nMek

nH dzdxdy

¼ �Z
k asx bsx
55 sx sx

Z
Xk

dsk
xasx

sk
xbsx

dxdy� Z
k asx bsy
45 sx sy

Z
Xk

dsk
xasx

sk
ybsy

dxdy

� Z
k asy bsx
45 sy sx

Z
Xk

dsk
yasy

sk
xbsx

dxdy� Z
k asy bsy
44 sy sy

Z
Xk

dsk
yasy

sk
ybsy

dxdy

þ Z
k asz bux
13 sz ux

Z
Xk

dsk
zasz

uk
xbux ;x

dxdyþ Z
k asz buy
23 sz uy

Z
Xk

dsk
zasz

uk
ybuy ;y

dxdy

þ Z
k asz bux
36 sz ux

Z
Xk

dsk
zasz

uk
xbux ;y

dxdyþ Z
k asz buy
36 sz uy

Z
Xk

dsk
zasz

uk
ybuy ;x

dxdy

� Z
k asz bsz
33 sz sz

Z
Xk

dsk
zasz

sk
zbsz

dxdy ð39Þ

The equations are elaborated. In particular, the termsR
Xk

R ztopk
zbotk

dekT
pGrk

pH dzdxdy and
R

Xk

R ztopk
zbotk

dekT
nGrk

nM dzdxdy are integrated

by parts [41]. Notice that the term
R

Xk

R ztopk
zbotk

drkT
nMek

nG dzdxdy does

not contain any integral that needs to be transformed using integra-
tion by parts. Therefore, no boundary terms are generated by this
term. The same consideration is valid for the term
�
R

Xk

R ztopk
zbotk

drkT
nMek

nH dzdxdy. The details of this integration by parts
are omitted for brevity.

Now the focus is on the external virtual work. Consider the ap-
plied pressures. They are written in a slightly different manner in
order to use the power of the present generalized unified
ted to the integrals along the thickness.

based on the Generalized Unified Formulation. Part I: ..., Compos
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formulation. Consider in particular the pressure term
duk

xðx; y; ztopk
ÞPk t

x ðx; y; ztopk
Þ (see Eq. 25). Pk t

x ðx; y; ztopk
Þ is the force

per unit of area in direction x (subscript x) and applied at the top
surface ðz ¼ ztopk

Þ of the layer k (the superscript t means ‘‘top”).
The pressure Pk t

x ðx; y; ztopk
Þ is thought as a function along the thick-

ness (this is in order to use GUF) as follows:

Pk t
x ðx; y; ztopk

Þ ¼ xFaux
ðz ¼ ztopk

Þ � Pk t
xaux
ðx; yÞ ð40Þ

Notice that the same number of terms used for the expansion in the
thickness direction of the displacement uk

x has been considered. This
is a natural choice, considering the fact that the pressure in x direc-
tion works with the displacement in x direction.

Now the following notation is introduced:

xFt
aux
¼: xFaux

ðz ¼ ztopk
Þ ð41Þ

The superscript t means that the functions xFaux
are all calculated at

the z which corresponds to the top surface of layer k (i.e., z ¼ ztopk
)

where the pressure is supposed to be applied. Using this definition, the
pressure can be written using the formalism used for the
displacements:

Pk t
x ðx; y; ztopk

Þ ¼ xFt
aux
� Pk t

xaux
ðx; yÞ ¼ xFt

aux
Pk t

xaux
ð42Þ

Observing that

duk
xðx; y; ztopk

Þ ¼ xFaux
ðz ¼ ztopk

Þ � duk
xaux
ðx; yÞ ¼ xFt

aux
duk

xaux
ð43Þ

the contribution of the pressure Pk t
x ðx; y; ztopk

Þ to the external virtual
work can be written as (the secondary master index b needs to be
used):

duk
xðx; y; ztopk

ÞPk t
x ðx; y; ztopk

Þ ¼ duk
xaux

xFt
aux

xFt
bux

Pk t
xbux

ð44Þ

or

duk
xðx; y; ztopk

ÞPk t
x ðx; y; ztopk

Þ ¼ duk
xaux

tDk aux bux
ux ux Pk t

xbux
ð45Þ

where

tDk aux bux
ux ux ¼ xFt

aux

xFt
bux

ð46Þ

The other applied pressures are similarly treated. Superscript b
is used to indicate the bottom pressure; for example,
xFb

aux
¼: xFaux

ðz ¼ zbotk
Þ). The virtual external work can then be

rewritten as

dLk
e ¼ þ

Z
Xk

duxaux

tD
k aux bux
ux ux Pk t

xbux
dxdyþ

Z
Xk

duyauy

tD
k auy buy
uy uy Pk t

ybuy
dxdy

þ
Z

Xk
duzauz

tD
k auz buz
uz uz Pk t

zbuz
dxdyþ

Z
Xk

duxaux

bD
k aux bux
ux ux Pk b

xbux
dxdy

þ
Z

Xk
duyauy

bD
k auy buy
uy uy Pk b

ybuy
dxdyþ

Z
Xk

duzauz

bD
k auz buz
uz uz Pk b

zbuz
dxdy

þ
Z

Ck
r

Z ztopk

zbotk

½duk
nr

k
nn þ duk

sr
k

ns þ duk
zr

k
nz�dzds ð47Þ

The pressure terms (for example Pk t
xbux

) are inputs of the problem.
Terms of the type tDk aux bux

ux ux are defined as pressure fundamental ker-
nels and are 1� 1 matrices.

The pressure has been treated in a particular form because it is a
natural choice for the case of multilayered structures analyzed
with GUF.

The term in Eq. (47), which contains the prescribed stresses, is
elaborated to obtain an expression that contains the displacements
uk

x;u
k
y and uk

z . This elaboration is required since, in general, different
orders of expansions are used for different variables. After a few
elaborations it can be demonstrated that the contribution of layer
k to the expression of virtual external work is
Please cite this article in press as: Demasi L, 16 Mixed plate theories
Struct (2008), doi:10.1016/j.compstruct.2008.07.013
dLk
e ¼ þ

Z
Xk

duk
xaux

tD
k aux bux
ux ux Pk t

xbux
dxdyþ

Z
Xk

duk
yauy

tD
k auy buy
uy uy Pk t

ybuy
dxdy

þ
Z

Xk
duk

zauz

tD
k auz buz
uz uz Pk t

zbuz
dxdyþ

Z
Xk

duk
xaux

bDk aux bux
ux ux Pk b

xbux
dxdy

þ
Z

Xk
duk

yauy

bD
k auy buy
uy uy Pk b

ybuy
dxdyþ

Z
Xk

duk
zauz

bD
k auz buz
uz uz Pk b

zbuz
dxdy

þ Zk aux bux
ux ux

Z
Ck x

r

duk
xaux

t k
xbux

dsþ Z
k auy buy
uy uy

Z
Ck y

r

duk
yauy

t k
ybuy

ds

þ Z
k auz buz
uz uz

Z
Ck z

r

duk
zauz

t k
zbuz

ds ð48Þ

It is now assumed that where t k
xaux

is assigned the corresponding
quantity uk

xaux
is not assigned. Similarly, where t k

yauy
is assigned uk

yauy

is not assigned and where t k
zauz

is assigned uk
zauz

is not assigned. When
the displacements are assigned, the virtual variations of the dis-
placements are zero. For example, consider the displacement uk

xaux
,

which is assigned (see above) only on the boundary portion
Ck � Ck x

r . Therefore, in this portion of the boundary duk
xaux
¼ 0. Sim-

ilar considerations can be made for the other displacements and,
thus, the following relations can be written:

duk
xaux
¼ 0 on Ck � Ck x

r

duk
yauy
¼ 0 on Ck � Ck y

r

duk
zauz
¼ 0 on Ck � Ck z

r

ð49Þ

Considering these last relations, the governing equations are:

duk
xaux

: �Zk aux bux
11 ux ux

uk
xbux ;x;x

� Z
k aux buy
12 ux uy

uk
ybuy ;y;x

� Zk aux bux
16 ux ux

uk
xbux ;y;x

� Z
k aux buy
16 ux uy

uk
ybuy ;x;x

� Z
k aux bsz
13 ux sz

sk
zbsz ;x
� Zk aux bux

16 ux ux
uk

xbux ;x;y
� Z

k aux buy
26 ux uy

uk
ybuy ;y;y

� Zk aux bux
66 ux ux

uk
xbux ;y;y

� Z
k aux buy
66 ux uy

uk
ybuy ;x;y

� Z
k aux bsz
36 ux sz

sk
zbsz ;y

þ Z
k aux ;zbsx
ux sx sk

xbsx
� D

k t aux bux
ux ux Pk t

xbux
� D

k b aux bux
ux ux Pk b

xbux
¼ 0 ð50Þ

duk
yauy

: �Z
k auy bux
12 uy ux

uk
xbux ;x;y

� Z
k auy buy
22 uy uy

uk
ybuy ;y;y

� Z
k auy bux
26 uy ux

uk
xbux ;y;y

� Z
k auy buy
26 uy uy

uk
ybuy ;x;y

� Z
k auy bsz
23 uy sz

sk
zbsz ;y
� Z

k auy bux
16 uy ux

uk
xbux ;x;x

� Z
k auy buy
26 uy uy

uk
ybuy ;y;x

� Z
k auy bux
66 uy ux

uk
xbux ;y;x

� Z
k auy buy
66 uy uy

uk
ybuy ;x;x

� Z
k auy bsz
36 uy sz

sk
zbsz ;x
þ Z

k auy ;zbsy
uy sy sk

ybsy

� D
k t auy buy
uy uy Pk t

ybuy
� D

k b auy buy
uy uy Pk b

ybuy
¼ 0 ð51Þ

Pduk
zauz

: �Z
k auz bsx
uz sx sk

xbsx ;x
� Z

k auz bsy
uz sy sk

ybsy ;y
þ Z

k auz ;zbsz
uz sz sk

zbsz
� D

k t auz buz
uz uz Pk t

zbuz

� D
k b auz buz
uz uz Pk b

zbuz
¼ 0 ð52Þ

dsk
xasx

: þZ
k asx buz
sx uz uk

zbuz ;x
þ Z

k asx bux ;z
sx ux uk

xbux
� Z

k asx bsx
55 sx sx

sk
xbsx
� Z

k asx bsy
45 sx sy

sk
ybsy
¼ 0

ð53Þ

dsk
yasy

: þZ
k asy buz
sy uz uk

zbuz ;y
þ Z

k asy buy ;z
sy uy uk

ybuy
� Z

k asy bsx
45 sy sx

sk
xbsx
� Z

k asy bsy
44 sy sy

sk
ybsy
¼ 0

ð54Þ

dsk
zasz

: þZ
k asz buz ;z
sz uz uk

zbuz
þ Z

k asz bux
13 sz ux

uk
xbux ;x

þ Z
k asz buy
23 sz uy

uk
ybuy ;y

þ Z
k asz bux
36 sz ux

uk
xbux ;y

þ Z
k asz buy
36 sz uy

uk
ybuy ;x

� Z
k asz bsz
33 sz sz

sk
zbsz
¼ 0 ð55Þ

The boundary conditions are omitted for brevity.

8. Navier-type solution

Suppose that only lamination schemes with angles 0 or 90 are
used. In this particular case, eC16 ¼ eC26 ¼ eC36 ¼ eC45 ¼ 0. From this
relation, it is clear that the corresponding coefficients of the mixed
form are zero as well: C16 ¼ C26 ¼ C36 ¼ C45 ¼ 0. Suppose also that
based on the Generalized Unified Formulation. Part I: ..., Compos
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the plate is a rectangular plate, where a is the dimension in the x
direction, b is the dimension in the y direction. The external loads
and displacements and stresses are assumed to have a sinusoidal
distribution:

Pk t
xbux
¼ xPk t

bux
Cmpx

a Snpy
b Pk b

xbux
¼ xPk b

bux
Cmpx

a Snpy
b

Pk t
ybuy
¼ yPk t

buy
Smpx

a Cnpy
b Pk b

ybuy
¼ yPk b

buy
Smpx

a Cnpy
b ð56Þ

Pk t
zbuz
¼ zPk t

buz
Smpx

a Snpy
b Pk b

zbuz
¼ zPk b

buz
Smpx

a Snpy
b

ðuk
xaux

; sk
xasx
Þ ¼ ð xUk

aux
; xSk

asx
ÞCmpx

a Snpy
b

ðuk
yauy

; sk
yasy
Þ ¼ ð yUk

auy
; ySk

asy
ÞSmpx

a Cnpy
b ð57Þ

ðuk
zauz

; sk
zasz
Þ ¼ ð zUk

auz
; zSk

asz
ÞSmpx

a Snpy
b

where the following definitions have been used:

Cmpx
a ¼ cos

mpx
a

Snpy
b ¼ sin

npy
b

Smpx
a ¼ sin

mpx
a

Cnpy
b ¼ cos

npy
b

ð58Þ
The assumptions used for the displacements and transverse stresses
by using trigonometric functions solve exactly the problem of sim-
ply supported plate [41]. With these assumptions, the governing
equations become

duxaux
:þKk aux bux

ux ux
xUk

bux
þK

k aux buy
ux uy

yUk
buy
þKk aux bsx

ux sx
xSk

bsx

þK
k aux bsz
ux sz

zSk
bsz
¼ xRk

aux

duyauy
:þK

k auy bux
uy ux

xUk
bux
þK

k auy buy
uy uy

yUk
buy
þK

k auy bsy
uy sy

ySk
bsy

þK
k auy bsz
uy sz

zSk
bsz
¼ yRk

auy

duzauz
:þK

k auz bsx
uz sx

xSk
bsx
þK

k auz bsy
uz sy

ySk
bsy
þK

k auz bsz
uz sz

zSk
bsz
¼ zRk

auz

dsxasx
:þKk asx bux

sx ux
xUk

bux
þK

k asx buz
sx uz

zUk
buz
þKk asx bsx

sx sx
xSk

bsx
¼ 0

dsyasy
:þK

k asy buy
sy uy

yUk
buy
þK

k asy buz
sy uz

zUk
buz
þK

k asy bsy
sy sy

ySk
bsy
¼ 0

dszasz
:þK

k asz bux
sz ux

xUk
bux
þK

k asz buy
sz uy

yUk
buy
þK

k asz buz
sz uz

zUk
buz
þK

k asz bsz
sz sz

zSk
bsz
¼ 0

ð59Þ
where the loads have been defined as follows:

xRk
aux
¼ D

k t aux bux
ux ux

xPk t
bux
þ D

k b aux bux
ux ux

xPk b
bux

yRk
auy
¼ D

k t auy buy
uy uy

yPk t
buy
þ D

k b auy buy
uy uy

yPk b
buy

zRk
auz
¼ D

k t auz buz
uz uz

zPk t
buz
þ D

k b auz buz
uz uz

zPk b
buz

ð60Þ

The 21 fundamental nuclei or kernels of the generalized unified for-
mulation (see Eq. 59) are defined as follows:

K
k aux bux
ux ux ¼ m2p2

a2 Z
k aux bux
11 ux ux

þ n2p2

b2 Z
k aux bux
66 ux ux

K
k aux buy
ux uy ¼ mnp2

ab
Z

k aux buy
12 ux uy

þmnp2

ab
Z

k aux buy
66 ux uy

K
k aux bsz
ux sz ¼ �mp

a
Z

k aux bsz
13 ux sz

; Kk aux bsx
ux sx ¼ þZk aux ;zbsx

ux sx

K
k auy bux
uy ux ¼ þmnp2

ab
Z

k auy bux
12 uy ux

þmnp2

ab
Z

k auy bux
66 uy ux

K
k auy buy
uy uy ¼ þn2p2

b2 Z
k auy buy
22 uy uy

þm2p2

a2 Z
k auy buy
66 uy uy

K
k auy bsz
uy sz ¼ �np

b
Z

k auy bsz
23 uy sz

; K
k auy bsy
uy sy ¼ þZ

k auy ;zbsy
uy sy

Kk auz bsx
uz sx ¼ mp

a
Zk auz bsx

uz sx ; K
k auz bsy
uz sy ¼ þnp

b
Z

k auz bsy
uz sy

K
k auz bsz
uz sz ¼ þZ

k auz ;zbsz
uz sz ; K

k asx buz
sx uz ¼ mp

a
Z

k asx buz
sx uz

K
k asx bux
sx ux ¼ Z

k asx bux ;z
sx ux ; K

k asx bsx
sx sx ¼ �Z

k asx bsx
55 sx sx

K
k asy buz
sy uz ¼ þnp

b
Z

k asy buz
sy uz ; K

k asy buy
sy uy ¼ Z

k asy buy ;z
sy uy

K
k asy bsy
sy sy ¼ �Z

k asy bsy
44 sy sy

; K
k asz buz
sz uz ¼ Z

k asz buz ;z
sz uz

K
k asz bux
sz ux ¼ �mp

a
Z

k asz bux
13 sz ux

; K
k asz buy
sz uy ¼ �np

b
Z

k asz buy
23 sz uy

K
k asz bsz
sz sz ¼ �Z

k asz bsz
33 sz sz

ð61Þ
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At this point, equivalent single layer models (with or without Mura-
kami’s zig-zag function) and layerwise models have the same for-
mal expressions (this concepts will be clarified later). The
distinction between the different types of theories presented is in
the assembling. Part II (see [37]) will analyze the case of layerwise
models, Part III (see [38]) will analyze the mixed higher order shear
deformation theories and Part IV (see [39]) will consider the case of
mixed zig-zag plate theories.

Infinite theories can be obtained by expanding the kernels of Eq.
(61). In particular, the matrices at layer level are obtained by
expanding the 1� 1 kernels. Then, the layer matrices are assem-
bled in the thickness direction according to the category of the ana-
lyzed theories (see Part II, Part III and Part IV). Suppose that the
generation of the matrices and assembling process for a particular
theory (it is not relevant to specify if the theory is an equivalent
single layer or a layerwise theory and what orders are used for
the expansions of the different variables) have been performed.
The governing equations are written as follows:

Kux ux Kux uy 0ux uz Kux sx 0ux sy Kux sz

Kuy uy 0uy uz 0uy sx Kuy sy Kuy sz

0uz uz Kuz sx Kuz sy Kuz sz

Ksx sx 0sx sy 0sx sz

Symm Ksy sy 0sy sz

Ksz sz

2666666664

3777777775
�

xU
yU
zU
xS
yS
zS

2666666664

3777777775
¼

xR
yR
zR
x0
y0
z0

2666666664

3777777775
ð62Þ

From Eq. (62) it can also be deduced that only 13 kernels (see Eq.
61) are really required for the generation of any theory. IN FEM
applications it is possible to demonstrate that in general the re-
quired kernels are 14 and not 13. In particular, the kernel K

k asx bsy
sx sy

is different than zero and has to be considered in the generation
of the theories. In the present Navier Type solution that kernel is
zero because the lamination scheme can be only with angles of zero
or 90 degrees.

In order to eliminate the stress variables (Static Condensation
Technique), it is convenient to partition Eq. (62) as follows:

KUUUþ KUS S ¼ R
KSUUþ KSS S ¼ 0

�
ð63Þ

Substituting the second equation into the first equation:

S ¼ �ðKSSÞ�1KSUU

KUUU� KUSðKSSÞ�1KSUU ¼ R

(
ð64Þ

The first equation of system 64 is used to calculate the stresses a
posteriori and the second equation of system 64 becomes

ðKUU � KUSðKSSÞ�1KSUÞU ¼ R) KmixedU ¼ R ð65Þ

The matrix Kmixed can be rendered explicit and, thus, Eq. (65)
becomes:

Kux ux Kux uy Kux uz

Kuy ux Kuy uy Kuy uz

Kuz ux Kuz uy Kuz uz

2664
3775 �

xU
yU
zU

264
375 ¼

xR
yR
zR

264
375 ð66Þ

Notice that Kux ux 6¼ Kux ux and so forth. In the case of Navier-type
solution the static condensation technique (SCT) produces exactly
the same results as the case in which SCT is not performed. This
is because the condensation is performed at structural level. In
FEM application, the static condensation is conveniently applied
at element level to formally obtain a displacement-based formula-
tion. However, the continuity of the out-of-plane stresses in the
plane is not enforced and, thus, the static condensation technique
differs in this case from the ‘‘full” case.
based on the Generalized Unified Formulation. Part I: ..., Compos
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Once the static condensation has been performed and the
amplitudes of the displacements are calculated, the amplitudes
of the stresses can be calculated using the first relation of Eq. (64).

9. Conclusion

The first part of this work presented the governing equations for
16 mixed theories based on Reissner’s mixed variational theorem.
This formal technique allows the generation of a very large variety
of theories: layerwise models, mixed higher order shear deforma-
tion theories and zig-zag theories which can all be generated from
only thirteen kernels of the generalized unified formulation. The ker-
nels are 1� 1 matrices and have the fundamental property of being
invariant with respect to the type of theory (e.g., layerwise or
mixed higher order shear deformation theories) and the orders
used in the expansion of the different variables. For example, the
layerwise theory with cubic order for the in-plane displacements
ux;uy and stresses rzx;rzy and parabolic order for the displacement
uz and stress rzz and the mixed higher order theory with parabolic
order for the displacements ux;uy;uz and stresses rzx;rzy;rzz have
the same kernels. This fundamental property allows the creation
of a powerful tool, which can analyze plates with very high accu-
racy (layerwise models with high orders used for the displace-
ments and stresses) or with low computational cost if the case is
‘‘less challenging” such as the case of isotropic thin plates. The gen-
eralized unified formulation also allows an independent treatment
of the unknowns, and this could be used for the generation of new
numerical approaches in FEM applications. Part II of this work will
analyze the case of layerwise theories. Part III will focus on the case
of higher order theories and Part IV will discuss the zig-zag theo-
ries. Finally, Part V will show numerous comparisons between
some of the infinite possible theories.
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