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ARTICLE INFO ABSTRACT

The generalized unified formulation (GUF) is a formal technique which was introduced in the framework
of displacement-based theories. GUF is extended for the first time to the case in which a mixed varia-
tional statement (Reissner’s mixed variational theorem) is used. Each of the displacement variables
and out-of-plane stresses is independently treated and different orders of expansions for the different
unknowns can be chosen. Since infinite combinations can be freely chosen for the displacements
Uy, Uy, u; and for the stresses oy, g,,,0, the generalized unified formulation allows the user to write,
with a single formal theory, oo® theories which can be successfully implemented in a single FEM code.
In addition, this formulation allows the user to treat each unknown independently and, therefore, differ-
ent numerical approaches can be used in the FEM codes based on this generalized unified formulation. All
the theories are originated from 13 independent fundamental nuclei (kernels of the generalized unified
formulation) which are formally invariant and the layerwise mixed theories (analyzed in Part II), mixed
higher order shear deformation theories (analyzed in Part IIl) and advanced mixed zig-zag models (ana-
lyzed in Part IV) can be studied without extra implementations or theoretical developments. Numerical
performances and convergence properties of a very large amount of new mixed theories are discussed
(Part V) with particular focus on the effects of the orders of expansion in the thickness direction of the
displacements and modeled stresses. Multilayered composite plates will be analyzed. Different mixed
variational statements could be used and the formulation could be easily adopted for multifield problems
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such as thermoelastic applications and multilayered plates embedding piezo-layers.
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1. Introduction

1.1. What are the advantages of the generalized unified formulation
(GUF) for the generation of an infinite number of theories for
multilayered composite plates

Classical plate theory (CPT), also known as Kirchoff theory [1],
has the advantage of being simple and reliable for thin plates. How-
ever, if there is strong anisotropy of the mechanic properties, or if
the composite plate is relatively thick, other advanced models such
as first order shear deformation theory (FSDT) are required [2-4].
But even these theories are not sufficient if local effects are impor-
tant or accuracy in the calculation of transverse stresses is sought.
Therefore, more advanced plate theories have been developed to in-
clude zig-zag effects (among them see [5-11]). Higher order shear
deformation theories (HSDT) have also been used [12-15], giving
the possibility to increase the accuracy of numerical evaluations
for moderately thick plates. A capability to freely change the orders
used for the expansions of the single variables is then particularly
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useful. In fact, with the above mentioned axiomatic models, a new
combination of orders implies a different theoretical formulation
and different FE matrices. Also, it is desirable to have the freedom
to numerically experiment the type of expansion for better perfor-
mances with the geometry, boundary conditions and loads applied
to the structure. If each “numerical experiment” requires a new the-
oretical development and a writing of a new code, it is practically
impossible or too costly to actually perform such numerical ap-
proach. Also, in some problems a higher order theory (such as in
the case of thick plates) is required and in others a low order theory
(such as the CPT) is sufficient. All these needs can be met with the use
of the generalized unified formulation. The generalized unified formu-
lation is an extension of Carrera’s unified formulation (CUF) [16-
31]. When GUF is used the FEM matrices are derived from funda-
mental nuclei with dimension 1 x 1. Such fundamental nuclei (or
kernels of the generalized unified formulation) are invariant with
respect to the orders used in the expansions of the variables in the
thickness direction. GUF is also indicated for multifield problems.
In the multifield problems the final matrices will be in any case ob-
tained by expanding 1 x 1 kernels as in the “pure” mechanical case.
Another important feature of GUF is that each unknown, whether it
is adisplacement or a stress, is treated independently from the other
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unknowns. This is particularly appealing in the FEM discretization
because it allows different numerical treatment for each of the vari-
ables. This property of GUF could lead to the derivation of new
numerical techniques. Another property of GUF is that different or-
ders of expansion of the variables can be used. This is important in
view of the creation of a model which is capable to enhance the
importance of some variables with respect to others (for example,
for thin plates the displacement u, needs less terms in the thickness
direction than the in-plane displacements u, and u,, but for thick or
very thick plates this is no longer true). GUF can also be used for an
extensive analysis of thickness locking problems (see [32]).

This paper deals with theories based on Reissner’s mixed varia-
tional theorem (RMVT) (see Refs. [33,34]). Infinite combinations
can be chosen for the expansion of a single displacement or trans-
verse stress. Considering then that the modeled fields are six (dis-
placements uy, uy, u, and stresses 04, 04, 0,) it is deduced that oc®
different theories can be generated with the same formulation and
with the same code.

1.2. What are the new contributions of this work

The generalized unified formulation was introduced for the first
time in the particular case [35] of single layer isotropic plates. It
was stated (but not demonstrated) that the formulation could be
extended to the case of multilayered composite structures and
could include layerwise, equivalent single layer and zig-zag theories.
It was also stated that the formulation could be applied to the case
of mixed variational statements. In a second paper [36] GUF was
applied to a more general case of orthotropic materials and single
layer plates. The stability of the solution (i.e., the displacements)
was demonstrated in both Refs. [35,36]. In particular, it was shown
that even in the case of very different orders used for the displace-
ments uy,u, and u, the solutions did not present oscillations and
were “stable”. GUF was introduced for the case of displacement-
based theories (i.e., the principle of virtual displacements (PVD)
was the variational statement). The previous conclusions were
valid for the theories obtained using PVD.

The present work is divided into five parts (see [37-40]) which
will answer the following key-questions:

o Question # 1
How is the generalized unified formulation extended to the
mixed cases (i.e., the used variational statement is not the prin-
ciple of virtual displacements but a mixed one)?

This problem is considered in Part I of the present work, where the
governing equations valid for the mixed case in which the variational
statement is represented by Reissner’s mixed variational theorem are
introduced. The expressions of the 1 x 1 kernels of the generalized
unified formulation are introduced. These kernels are invariant with
respect to the orders used in the expansion of the displacements and
transverse stresses along the thickness. The kernels are also invariant
with respect to the type of theory: layer wise theories, higher order
shear deformation theories and zig-zag theories, which all have the
same kernels. All the FE matrices (if a FEM approach is used) are ob-
tained from these kernels. Different variational statements produce
different kernels. For example, in the PVD-based theories [35] six ker-
nels were used. But in the case of mixed theories based on Reissener’s
variational theorem 13 kernels are required.

o Question # 2
How is the generalized unified formulation extended to the case
of multilayered structures?

This question is answered in Part I and Part I (see Ref. [37]) of the
present work. Several examples explain how the pressures are applied

within the formalism of GUF. Moreover, the expansion of the kernels
introduced in Part I and the consequent generation of the layer matri-
ces and their assembling at multilayer level are shown. The calcula-
tion of the in-plane stresses with the classical form of Hooke’s law
and mixed form of Hooke’s law is discussed. Finally, the expanded
matrices are explicitly reported for a particular case to help the read-
ers reproduce the results of this work. Each layer can be either isotro-
pic or orthotropic (composites). The layers can be arranged in any
combination and no symmetry with respect to the middle plane is re-
quired. Part Ill (Ref. [38]) and Part IV (Ref. [39]) discuss equivalent sin-
gle layer theories for multilayered structures.

e Question # 3
How is the generalized unified formulation extended to the case
of layerwise theories?

This question is also answered in Part Il (Ref. [37]) of the present
work. The imposition of the interlaminar continuity of the displace-
ments (compatibility condition) and transverse stresses (equilib-
rium condition) requires a class of functions used in the thickness
expansion of the variables with some peculiar properties. It is dem-
onstrated (Part II) that a particular combination of Legendre poly-
nomials satisfies these goals. Most of the derivations reported in
Part II could be successfully applied to the case in which PVD-based
layerwise theories are considered.

o Question # 4
How is the generalized unified formulation applied to the case of
equivalent single layer theories such as mixed higher order
shear deformation theories?

This issue is discussed in Part IIl (Ref. [38]). In particular, it is
demonstrated that the kernels obtained in Part I can be formally
used for the generation of the layer matrices of these higher order
shear deformation theories. The transverse stresses g, 0, and o,
can be kept as unknowns. If so, the quasi-layerwise Reissner’s mixed
variational theorem-based higher order shear deformation theories
(QLRHSDT) are obtained. These theories are discussed in Part III. If
the transverse stresses are not kept as unknowns and the static con-
densation technique is performed, Reissner’s mixed variational theo-
rem-based higher order shear deformation theories (RHSDT) are
obtained. How the theories are created with the same kernels and
formalism of GUF is explained with numerous examples in Part III.
The equilibrium and compatibility conditions are enforced a priori.

o Question # 5
How is the generalized unified formulation extended to the case
of equivalent single layer theories which include the zig-zag
effects?

The inclusion of Murakami'’s zig-zag function is discussed in the
case of theories based on GUF. This discussion is presented in Part
IV (Ref. [39]). In particular, Reissner’s mixed variational theorem-
based zig-zag theories (RZZT) and quasi-layerwise Reissner’s mixed
variational theorem-based zig-zag theories (QLRZZT) are introduced
and analyzed in detail. How these theories are again obtained from
the same kernels of the generalized unified formulation (presented
in Part I) is discussed with numerous examples. The equilibrium
and compatibility conditions are enforced a priori, as in the cases
analyzed in Part Il and Part II1.

e Question # 6
In the case in which the used variational statement is Reissner’s
mixed variational theorem, will the unknown fields represented
by the displacements uy,u, and u, and the stresses 0, 6, and
0., be numerically “stable” without oscillations?
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This important question is answered in Part V (Ref. [40]). It is
demonstrated that the relative orders used for the displacements
and transverse stresses are key factors that determine the numer-
ical stability of the solution represented by the displacement and
stress fields. In some cases the orders are such that the displace-
ments show numerical oscillations. In some other cases the out-
of-plane stresses calculated a priori present oscillations. Several
classes of theories are studied and the stable and unstable cases
are discussed in detail. New benchmarks are presented and a large
amount of new theories are presented for the first time in the
literature.

o Question # 7
In case the oscillations are possible, under which conditions do
they arise? How can the oscillations be eliminated or reduced?
Do layerwise theories behave differently with respect to the
equivalent single layer theories with or without zig-zag effects?

These issues are discussed in Part V (Ref. [40]). “Practical” reci-
pes to avoid numerical difficulties are given with examples. New
test cases are proposed to asses a very large amount of new layer-
wise, higher order shear deformation and zig-zag theories. It is
demonstrated that the behavior of the equivalent single layer the-
ories is different than the behavior shown by the layerwise theo-
ries. It is also presented that many key numerical performances
of equivalent single layer models can be explained by considering
the class of theories presented for the layerwise cases. Therefore, it
is demonstrated that the layerwise theories are fundamental in the
study of equivalent single layer models with or without the inclu-
sion of zig-zag effects. Past studies [31] about poor convergence of
the equivalent single layer theories, as far as the a priori out-of-
plane stresses are concerned, are reinterpreted using the finding
of this work. Carrera’s findings are integrated with the present
study and a new light is shed on the issue of the calculation of
out-of-plane shear and normal stresses with Reissner’s mixed var-
iational theorem.

e Question # 8
In the literature it was demonstrated that in equivalent single
layer theories based on Reissner’s mixed variational theorem it
was always convenient to add Murakami’s zig-zag function to
improve the accuracy of the results. s this true in all cases when
the orders of the displacements and stresses are let free to vary?

This question is again answered in Part V (Ref. [40]). It is dem-
onstrated that it is not always convenient to add the zig-zag func-
tion. This is a less intuitive result and can be demonstrated
considering the numerical performances of the mixed theories
when the orders of displacements are changed independently
from the orders used for the stresses. A zig-zag theory could be
seen as a higher order shear deformation theory with the inclu-
sion of a zig-zag function. The initial orders used in the starting
higher order shear deformation theory that is being “improved”
(with the addition of the zig-zag function) affect the answer to
this question.

2. Classification of the theories

The main feature of the generalized unified formulation is that
the descriptions of layerwise theories, higher order shear deforma-
tion theories and zig-zag theories do not show any formal differ-
ences. So, with just one theoretical model an infinite number of
different approaches can be considered. For example, in the case
of moderately thick plates a higher order theory could be sufficient
but for thick plates layerwise models may be required. With GUF

the two approaches are formally identical because the kernels
are invariant with respect to the theory.

In the present work the concepts of type of theory and class of
theories are introduced. The following types of theories are
discussed:

e Reissner’s mixed variational theorem-based higher order shear
deformation theories (RHSDT)

These theories are equivalent single layer models because the
displacement field is unique and independent of the number
of layers. These theories will be discussed in Part III.

e Quasi-layerwise Reissner’s mixed variational theorem-based

higher order shear deformation theories (QLRHSDT)
These theories are equivalent single layer models for the dis-
placement fields but the out-of-plane stresses have a layerwise
description. The difference between RHSDT and QLRHSDT is that
in the first case the static condensation technique (SCT) is
applied and the stresses are eliminated and calculated a posteri-
ori. These theories will be discussed in Part III.

e Reissner’s mixed variational theorem-based higher order shear
deformation theories with zig-zag effects included (RHSDTZ)
These theories are equivalent single layer models and the so
called zig-zag form of the displacements is taken into account
by using Murakami’s zig-zag function (MZZF). The static con-
densation technique is performed and the stresses 0, 6, and
0, are calculated a posteriori (but their continuity is imposed
a priori). These theories will be discussed in Part IV.

e Quasi-layerwise Reissner’'s mixed variational theorem-based

higher order shear deformation theories with zig-zag effects
included (QLRHSDTZ)
These theories are equivalent single layer models and the so
called zig-zag form of the displacements is taken into account
by using Murakami’s zig-zag function (MZZF). The static con-
densation technique is not performed and the stresses 0, G
and ¢, are calculated a priori. These theories will be discussed
in Part IV.

e Layerwise Reissner’s mixed variational theorem-based theories

(LRT)
These theories are the most accurate ones because all the displace-
ments and out-of-plane stresses have a layerwise description.
These models are necessary when local effects need to be
described. The price is of course (in FEM applications) in higher
computational time. These theories will be discussed in Part II.

An infinite number of theories which have a particular logic in
the selection of the used orders of expansion is defined as class of
theories. For example, the infinite layerwise theories which have
the displacements u,, u, and u, expanded along the thickness with
a polynomial of order N and which have the stresses 0, 6, and 6,
expanded along the thickness with a polynomial of order N + 3 are
a class of theories. The infinite theories which have the in-plane
displacements u, and u, expanded along the thickness with order
N, the out of plane displacement expanded along the thickness
with order N — 1 and the stresses expanded along the thickness
with order M are another class of theories.

The concept of class of theories will be discussed in detail in Part
V and will be used to address the numerical instabilities that may
arise in some cases.

3. The generalized unified formulation for multilayered
composite plates

Both layerwise and equivalent single layer models are axiom-
atic approaches. That is, the unknowns are expanded along the
thickness by using a chosen series of functions.
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Fig. 1. Multilayered plate: notations and definitions.

When the principal of virtual displacements is used, the un-
knowns are the displacements. When Reissner’s mixed variational
theorem is used the unknowns are the displacements and the out-
of-plane stresses. This variational statement has then the advan-
tage that the compatibility of the displacements and the equilib-
rium between two adjacent layers can be “naturally” satisfied.
This is the main reason why RMVT can be considered a powerful
tool for the analysis of multilayered plates.

The generalized unified formulation is introduced here consid-
ering a generic layer k of a multilayered plate structure. This is
the most general approach and the equivalent single layer theories,
which consider the displacement unknowns to be layer-indepen-
dent, can be derived from this formulation with some simple for-
mal techniques as will be demonstrated in Part IIl and Part IV. To
begin with, consider a theory denoted as Theory I, in which the dis-
placement in x direction u¥ has four degrees of freedom.! This
means that for displacement u¥ we have four unknowns. Each un-
known multiplies a known function of the thickness coordinate z.
Where the origin of the coordinate z is measured is not important.
However, from a practical point of view it is convenient to assume
that the middle plane of the plate is also the plane with z = 0. For
layer k is then zyo, < Z < Ziop,- Zvoy, 1S the global coordinate z of the
bottom surface of layer k and z,, is the global coordinate z of the
top surface of layer k (see Fig. 1). hy = Zop, — Zpoy, is the thickness
of layer k and h is the thickness of the plate.

The x component of the displacement vector of layer k is indi-
cated with uk. In the case of Theory I, uk is expressed as follows:

known unknown 1 known unknown 2 known unknown 3

~ N — —_—
Ui(x,y,2) = ff(2) - uf %) + f5(2) - U, (x.y) + f5@) - u (x,Y)

known unknown 4
k k
+f4 (Z) ' ux4(x,y)

The functions f¥(z),f¥(z),f¥(z) and f¥(z) are known functions (axi-
omatic approach). These functions could be, for example, a series
of trigonometric functions of the thickness coordinate z. Polyno-
mials (or even better orthogonal polynomials) could be selected.
In the most general case each layer has different functions. For
example, f¥(z) # fk*1(z). The next formal step is to modify the
notation.
The following functions are defined:

Fi2)=fiz)  F5(2)
“Fi(z) =ff(z)  *Fy(2) =f{(2)

Zbotk SZ< Ztopk (])

I
N
—
N
—

! In FEM applications the number of degrees of freedom depends also on the mesh.
Here we consider only the degrees of freedom related to the expansions in the
thickness direction.

Thickness Primary
Master Index
Slave index Example
F
a yy
Related to the Related to the
displacement direction

Fig. 2. generalized unified formulation. Master and slave indices.

The logic behind these definitions is the following:

e The first function f¥(z) is defined as *F¥. Notice the superscript x.
It was added to clarify that the displacement in x direction, u¥, is
under investigation. The subscript t now seems without any util-
ity. However, later it will identify the quantities at the “top” of
the plate and, therefore, will be useful in the assembling of the
stiffness matrices in the thickness direction. This aspect will
be discussed in Part II.

e The last function f¥(z) is defined as *Ff. Notice again the super-
script x. The subscript b means “bottom” and, again, its utility
will be clear when the matrices are assembled.

e The intermediate functions f¥(z) and f¥(z) are defined simply as
*Fk and *Fk.

2 3

To be consistent with the definitions of equation 2, the follow-
ing unknown quantities are defined:

uﬁ( *xy) = ul;] *,9) ul):b *xy) = u§4 (*x,¥) 3)

Using the definitions reported in Eqs. (2) and (3), Eq. (1) can be
rewritten as

known unknown 1 known unknown 2 known unknown 3
—~ —~ —~N

k xpk k xpk k xpk k
UX(X,y,Z) = Ft(Z)-UX[(X,y) + FZ(Z)'ux2(X7y)+ F3(Z)-UX3(X,y)

known unknown 4

xpk k
+ Fb (Z) ) uxb (X-,y) Zbotk <z< Ztop,< (4)

It is supposed that each function of z is a polynomial. The order of
the expansion is then 3 and indicated as N’L‘,X. Each layer has in gen-
eral a different order. Thus, in general N’,jx # N’;X“. If the functions of
z are not polynomials (for example, this is the case if trigonometric
functions are used) then N{jx is just a parameter related to the num-
ber of terms or degrees of freedom used to describe the displace-
ment uf in the thickness direction. This concept will be clear later.
The expression representing the displacement uf can be put in a
compact form by using the generalized unified formulation [35]
as follows:
uﬁ(xvy,‘z) ZXFI;UX(Z)-UI;C(“X(X,_V) Oluy :tvlvb; l:2?"'7NﬁX (5)
where, in the example, N’f,x = 3. The thickness primary master index
o has the subscript u,. This subscript from now on will be called
slave index. It is introduced to show that the displacement u, is con-
sidered. Fig. 2 explains these definitions.

Consider another example. Suppose that the displacement u} of
a particular theory is expressed with 3 degrees of freedom. In that
case it is possible to write:

known unknown 1  known unknown 2

, NN N
U(%,¥,2) = fi(2) -ty (X,y) + £ (2) - s, (x.¥)

known unknown 3

~ N —
+f5(2) ug (x.) (6)
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By adopting the definitions earlier used for the case of 4 degrees of
freedom it is possible to rewrite Eq. 6 in the following equivalent
form:

known unknown 1  known unknown 2
—_ —N—

k xk k k k
Uy (x,y,2) ="Fi(2) - uy (x,¥) +F5(2) - uy, (x,¥)

known unknown 3
k k
+"Fy(2) - 1y (%,3) (7)

which can be put again in the form shown in Eq. 5 with Nﬁx =2.1t

can then be deduced that:

e N is DOF{ — 1, where DOF, is the number of degrees of free-
dom (at layer level) used for the displacement uk. In the case
of zig-zag theories it will be shown that N = DOF; — 2 because
one degree of freedom is used for the zig-zag function. However,
for now this aspect will not be considered and will be analyzed
in detail in Part IV.

e The minimum number of degrees of freedom is 2. This is a
choice used to facilitate the assembling in the thickness direc-
tion. In fact, the “top” and “bottom” terms will be always pres-
ent. In the case in which DOFﬁX =2 the generalized unified
formulation is simply

ub(x,y,2) =*Fy_(2)-uk, (x.)

oy, =t,b (8)
Notice that the “I” term of Eq. (5) is not present.

¢ An infinite number of theories can be included in Eq. (5). It is in
fact sufficient to change the value of N . It should be observed
that formally there is no difference between two distinct theo-
ries (obtained by changing Nﬁx). It is introduced the terminology
that oo! theories can be represented by Eq. (5).

The other displacements u¥ and u¥ can be treated in a similar
fashion. The stresses ¢%, o%, and g% can be represented by the gen-
eralized unified formulation. To do so it is sufficient to define

k _ 4k k _ 4k k _ k
Sx - azx Sy - O-zy Sz - azz (9)
and treat, from a formal point of view, s¥, s and s} as displacements.

Considering what has been said, the generalized unified formula-

tion for all the displacements and out-of-plane stresses is the
following:

k __x k X k X k __ x k
uy ="Fey +*Fiuy, 4+ Fpy, ="Fy, U

Ouy Xy
oy, =t Lb; 1=2,...,Ny
k_y k y k y k _y k
u, = Ftuyt + quym + Fbuyb = quy Uy,
Oy, =t,mb; m=2,... N,
uk =2Fuk +7Fuf + 2 Fouk =7F, uk
z — TtHyz ntz, bYz, = o, 200,
oy, = t,n,b; n=2,...,Ny, (10)
k k k k k
Sy = "FiSy + FpSy, + FpSy =" Fuy Sua,
“Sx:tapvb; p:2>"'7NSx

k _y k y k y k _y k

S }'tsy[ + ]-'qsyq + ]:bsyb = ]-'msysyxsy
O(Sy :t7q7b§q:2>"'>Nsy

k k k k k

S; = "FeSy + 1S, + 1 FuSy, ="Fu S,

2005,
asz:tvrvb; T:Z,...,st

For the out-of-plane stresses s¥, s} and sf the functions of the thick-
ness coordinate are indicated with the symbol F instead of the
symbol F to distinguish the case in which stresses are considered
from the case in which displacements are considered. Also, for the
stresses, the slave indices s,,s, and s, are used instead of uy,u,
and u,. The formalism is very similar in both the displacements
and out-of-plane stresses cases. In Eq. (10), for simplicity it is as-
sumed that the type of functions is the same for each layer and that
the same number of terms is used for each layer. This assumption
will make it possible to adopt the same generalized unified formu-
lation for all types of theories, and layerwise and equivalent single
layer theories will not show formal differences. This concept means,
for example, that if displacement u, is approximated with four
terms in a particular layer k then it will be approximated with four
terms in all layers of the multilayered structure.

Each variable can be expanded in co! combinations. In fact, it is
sufficient to change the number of terms used for each variable.
Since there are six variables (the displacements and transverse
stresses), it is concluded that Eq. (10) includes oc® different
theories. For example, it is possible to have a plate theory with

Compact Notations

Carrera’s Unified
Formulation

oo! theories can be obtained. In the
case of RMVT-based theories

the final matrices are obtained by
expanding four 3X3 matrices whose
formal expressions are invariant
with respect to the theory

The variables are written
in a compact form. An
infinite number of theories
(Equivalent Single Layer Models,
Zig-Zag models, Layerwise
Models) can be represented

with just one mathematical model

Generalized Unified
Formulation

o theories can be obtained. In the
case of RMVT-based theories

the final matrices are obtained by
expanding 13 fundamental nuclei
(1X1 matrices) whose formal
expressions are invariant with
respect to the theory. Each variable
is treated separately

Fig. 3. Concepts of compact notations in the case of RMVT-based theories. Carrera’s unified formulation and generalized unified formulation.
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cubic expansion along the thickness of the in-plane displacements
and out-of-plane shear stresses and parabolic expansion along the
thickness of the displacement u¥ and transverse stress g%, = sk. The
user can freely decide the theory, and without formulating a new
theoretical development and modifying the code oc® theories can
be tested and assessed. From Eq. (10) it is also deduced that every
variable can be independently treated, and this is particularly use-
ful in the implementations of new numerical techniques. Also, the
user can change theory considering the needs. For example, if a
thin plate is analyzed, the order of out-of-plane displacement u,
can be small. On the contrary, to get the convergence in the case
of thick plates the orders used for the different variables have to
be increased. All this freedom is the power of the generalized uni-
fied formulation: in one formalism oc® theories are included. The
generalized unified formulation is a generalization of Carrera’s uni-
fied formulation [31]. The main difference between the two com-
pact notations are summarized in Fig. 3, where the case of
Reissner’s mixed variational theorem is considered. if the varia-
tional statement is changed then the number of fundamental nu-
clei required to generate the theories is different.

4. Classical form of Hooke’s law (CFHL)

To apply RMVT the mixed form of Hooke’s law (MFHL), which is
obtained from the classical form of Hooke’s law (CFHL), is required.
For this reason, the classical form of Hooke’s law (CFHL), which re-
lates the stresses to the strains is discussed. Its explicit form for
orthotropic materials is the following:

O Cih Cip Cis 0 0 Cis|[éw
Oyy ?12 ?22 ?26 0 0 ?23 &y
Oy | _ | Cie Cas Ceo ~0 ~0 Cs6 | | Vay (11)
Oxz 0 0 0 GCs5 Cyq5 O Vxz
Oyz 0 0 0 Cus Caa O Vyz
Oz L Cis Ci3 C 0 0 Cs | Léz
where

Ci1 = C*Cyy +25°C*Ciy + S*Cpp + 45°C*Cs
Ciz = S*C?Cyy + C*Cyy + §*Ciy + S2C3Co

— 45*C*Ce
C16 = SC3Cy;1 + S°CCyy — SC3C1p — S3CCyy
—25C3Ces + 25°CCes

EB = Cz?m + 52?23
Cyy = S*Chy + 252C%Cy + C*Cyy + 48*C2Cos
Ca6 = S°CCyy + SC3Cyy — S°CCyy — SC3Cyy
+25C3Cgs — 25°CCeg (12)
E23 = 52613 + szza
Ces = S2C*Cyy — 282C*Cyy + S2C?Coy
+ CgsC* — 28%C*Ce6 + C6S*
C3g = SCCy3 — SCCys
E-55 = szss + szf44
C4s = SCCss5 — SCCuy
E44 = 52655 + CZCM
E33 = 633

The definitions C = cos¥ and S = sinY were used, where ¥ is the
rotation angle between the material coordinates and problem coor-
dinates [41]. If ¥ = 0/90 then C15 = C26 = C35 = C4s = 0. The coeffi-
cients of Hooke’s law in material coordinates are

= 1 — 0303 = V21 + V23031
Cii=—F"TEn; Cp=—"—"—

Ei1;
Y, Y 113
= 1 — 01303
Cpp=——"—"FE
22 Y 22
= 021032 + V31 = U32 + V12031
Cis=————En; Cpn=—"—"Exn;
A A
— 1- D122 (13)
C3 = TE%
Caa =Ga3; Gss =Gi3; Ces = Gi2
A =1 —0p3U3 — V12021 — V13V31 — 2021U32013
Ess Ex Es3
U32 = =—0U23; U1 =5 Vi2; U3 =5—U13
Ey En En

The independent parameters used in the definition of the material
properties are nine: i3, V13, V23, G12, G13, Ga3, E11, Ez2 and Ess. In the
case of isotropic materials only two parameters are needed: the
Poisson’s ratio and the elastic modulus.

5. Mixed form of Hooke’s law (MFHL)

The classical form of Hooke’s law can be written in a compact
form as

|:6p:| _ EPP EP” |:8p :| (14)
On Cnp cnn €n

where

op=[0u 0y Oyl en=[0x 0y 0] (15)

& = [8XX Eyy ’yxy}T; & = [’yxz yyz EZZ}T (16)
The mixed form of Hooke’s law is now derived. From the second
relation of Eq. (14), it is possible to express &, as a function of g,
and g,:

& = (Con) "0 — (Can) ' Cpty (17)

Substituting into the expression of the in-plane stresses (first rela-
tion of Eq. (14)):

0y = [Cpp — Cpn(Cun) ' Copley + Cou(Can) ' (18)

Hence, MFHL is

-l ] a9
&n Cnp cnn Op

where

~ (20)
Cﬂp = _(cnn) Cﬂp
-1
Cnn = (Cnn)
explicitly
. - ==
Cii—&L Cpp—£8Cy Cig—<2C
C3 3 C3
_ _ _ - _
Cp=|Cia—52Cos  Copn—'B Cy—2Cs6
Cs3 _Cs Cs3
~ ~ ~ ~ ~ 2
Ci6—<2C36 Cas—2Cy6  Cop — 8-
L Ci3 C33 Cs3
0 0 S
G
Cn=|0 0 & (21)
533
0 0 Se
L C33
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Please cite this article in press as: Demasi L, co® Mixed plate theories based on the Generalized Unified Formulation. Part I: ..., Compos




L. Demasi/Composite Structures xxx (2008) XxX-Xxx 7

r o 0 0
= 9 0 0
G G s
L C33 C33 C33
_Cas _ . Cas_ 0

Cs5Caa—(Cas)? Cs5Cas—(Cas)?

Cin = __ Cas_ _Gss 0 (22)
Cs5Ca4—(Cas)? Cs5Caq—(Cas)?

0 0 -
C33

Formally, Hooke’s law in the mixed case is

Oxx Cn Ciz Cis 0 0 Ci3 Exx
Oyy Ci Cyp Cos 0 0 Gy Eyy
Oxy _ Cis Cas Ces 0 0 GCs Txy (23)
Yz 0 0 0 Css Cy5 O Oyx;
Vyz 0 0 0 Css Cu O Oy,
&2 —Ci3 —C3 -G 0 0 GCs3lloz

The expressions of the coefficients as functions of the CFHL coeffi-
cients can be deduced directly from Eqs. (23), (22), (21) and (19).

6. Reissner’s mixed variational theorem (RMVT)

It is fundamental to have a tool which allows to model the
transverse stresses and enforce the continuity through the thick-
ness. Starting from the Hellinger-Reissner functional (see [42]),
with a few transformations (partial Legendre transformation) it is
not difficult to obtain the Reissner’s mixed variational theorem
([33,34]):

/ [58;60',;].1 + 08! oum + 56}, (€nc — &an)]dV = OLe (24)
v

where v denotes the multilayered body volume and 6L, is the exter-
nal virtual work. Subscript H means that the quantities are calcu-
lated by using MFHL, subscript G means that the strains are
calculated by using the geometric relations (the relations which re-
late the strains to the derivative of the displacements) and subscript
M means that the transverse stresses are modeled with an axiom-
atic approach.

7. Governing equations

Consider layer k of a multilayered plate composed of N, layers.
The Reissner equation, in the case of pressures applied at the top
and bottom of each layer k, is

where Pi*, Py and P;" are the top pressures (applied at z = zip,),
P"b P"b and P"b are the bottom pressures (applied at z = Zpy, ),
ak ot " and o, " are the specified normal and tangential components
measured per unit area, u¥, u¥ and u¥ are the normal and tangential
displacements on the edge F’; in which the stresses are specified. It
is assumed that @* = Q. The geometrical relations can be rewritten
using the formalism introduced for the generalized unified formula-

tion as follows:

ouk
ko X _ X k
b = ox F““" Wy
k
8" — aﬂ — YF uk
Wy Yy “youy
P k
Tk _%+%—XF uk 4 YF, yk
Vxy = oy | ox M X““xy Sy " Yoy 26
ouk  ouk -
Y z X _Z k X k
Ve = X + oz F““z Uz, x + F“""‘z Yo
k
auk ou
ok Yz Y _z k
Vyz = ay ta2 T Fa, Uz, T F”W Votuy
k
P Uz F, .uk
7z — az — Oy z Z0y,

The out-of-plane stresses can be expanded along the thickness
using GUF (see Eq. 10):
O-zx = S = X]:lsx xx;x
k
Oy = y = ]:“w ysc5y (27)

o, = sk =72F,, sk

205,

To elaborate the terms of Eq. (25), mixed form of Hookes’ law (Eq.
23) is used

dektaky = o6k O ek, + 0ek Chyek, + o8k Clork, + o8k Clsyo
+oek, Chyek + gk, C" " |+ ek Czsyxy + 08§ C23a
+ by" Cieek + ay" Chgel, + 07k Coavk, + 09K, Cis0%,
(28)
ExCONy = OVK, Sk + OY5, Sy + oek, (29)
Ontnc = 05V + 087y + 55292‘2 (30)
— dalh ey = —0skChssk — oskClssk — oskChssk — oskCy s

+ OSKCel, + OskChy8k, + oskChe)k, — oskClysk (31)
Using the geometric relations (Eq. 26) and the expressions adopted
for the stresses (Eq. 27):

dektaky = C},*F +CH,*F

+ C16 *Fa, F/;uy ouk

X k k
Fﬂux auxxu ux/}ux_

+ C’;G *Fo “Fp,, suy, ”I;/;

Xy

Oy Oluy Fﬁuy(suxxux y[juy_y

(
Xoluy y/fuy «

k x z k k
/ / [0&Tak, + 56 ak 1 ook (gk )] dzdxdy = ’ CI]<3 T T M, Sk,; + Clzk P T MW;‘ ' xﬁu,: ’
-~ pGOpH nGonM i — +C'Fy, Fy,, ouy%uy‘yuyﬁuy , + Cy6"Fy, F /,uxéu;auybyuxﬂw
/ ouy (X,Y,Z = Ztopk) (X y,z= Ztopk)dXdy + ng yFa”y YFﬁ”y 0‘Ukﬂ yu;i/f"y X * C’2<3 yFa“Y zj:ﬁsléu};“"y ,ySlz{/fSZ
+ Cig*Fa, *Fyp, o1%, Ui+ Cl"Fu, *Fy, ok ay Ukt
+ /Qk OUY(X.Y.Z = Zuop, )Py (X.Y.Z = Ziop, )dxdy + Cog"Fuy, Y 0, 5y o+ Cog¥Fo, TFy o0,y
" /k uf(x,y.z = Ziop, ) lz“(x’.V-,Z = Ziop, )dxdy + Cgﬁ “Fau "Fp, 5”"““x uﬁ/jﬂx ;T C’és "Fa, F,, 5u§°‘uy u)}j/’ux y
@ N (25) + Cs*Fa, VFy, ouk, u;fﬁuyﬂ + C’gGthy YFy, 5“5% uﬁ/‘uy,x
*/Qk (13,2 = 20 i (1.2 = o xdly O, Ty o, b Y, Ty ol S
+ 1 Uk (X, Y.Z = Zoot, )Py " (X,,Z = Zbey, )dxdy (32)
kb oeklgk = 2F, *F, suk sk 4 *F, XF, ouf sk
/ (X, Y,2 = Zbot, )PE" (X, Y,Z = Zbey, )dxdy nGonM T Tty B Oz b Puxz L P oty Oxog
/ /Zmpk ouka k + ouka X + ouka k1dzds Fu T, 6uz““ ’;ﬁSy + Fou, . P, 5u3’°‘l‘ys§ﬂs
oy e + *Fa, . ", Uy, Sk (33)
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kT _ X k X X k k
Soyen; = *F. oo Fp,, Jsy Uz, T Fog *Fp,, 08

Xotsy X0lsy x/i

y]:x;y Fﬁuz (35

I<
Yotsy Z/fuZ ¥

+YF Olsy F ﬁuyzasyo(sy VBuy

z z k
+F Ols, F ﬁuz,z(sszaSZ uz/;uZ (34)
kT ok k x X k k k x y k k
—06Eny = —Cos“Foy, “Fp, 05y, o SxBo T Cas " Fo ' F By OSxos, Sy/isy
k X k k
- C45 }-Otsy fﬁsx (3Syo¢5 XBsy C yfﬁts ]:ﬁsy (Ssyxsy VBsy
k 2 x y uk
C -7:%: Fﬁux bszocs XBuy o + C -7:0152 F/fuy ()SUSZ y[iuy
k z X y
CSG ‘7:052 Fﬁux 552731 XBuy +C36 -7:9652 Fﬁuy 552731 Vhuy

— C53"F o, “Fy, 05, sk (35)

Therefore, it can be inferred (see Fig. 4 for the definitions related to
the integrals along the thickness) that

/ / deiioky,dzdxdy

Zbot, k

_ k oty By, k K Ot By k k
- +Z]1 Uy ui 5uxotu ux/iuXXdXdy + 212 Uy Uy 6 u

xozux x YBuy

dxdy

K oy

,dxdy +Z :‘,ﬁ/ bum”u’;,, dxdy

K Oty By k
+Zi6 i / buwux g,
k Otuy fs, k oty By k K

13 LTX Sﬁ / 5uxau z/isZ dxdy + 212 uy u):( o (Suyz,‘y v ux/iuX M dXdy

+Z"‘X“yﬁ"y/ Suk uk
ol

22 uyuy Youy o, Vhuy

Oy Bux k
dxdy + Z26 uy / 5umy Usg,,., dxdy
kotuy By, <1k k
+ 25 Uy Uy /Qk Oy, y Uyp,, M

K Oy By k k
+ Z]G Uy Uy ok 5uxm,x v ux/}ux _X

ﬂsz dxdy

23 uys;

k oy, B,
dxdy + 7, / 5umy

K otuy uy
dxdy + 74" / ouylu uﬁﬂux

16 uy ux

dxdy

L Z8 by / ouk uk dxdy+2ka"yﬁ”y / ouk uk dxdy

26 uy uy Xotuy , Y Buy 26 uyuy Yoy - VhBuy

dxdy

66 uy uy

k oy Buy k
+ ZGG Uy Uy / 6uxocux ux/iux y

66 uy uy Xty y/f

4zl / suk  uk

k oty s,

+Z

Example 1: definition of Z

dxdy + Zs2u P / suk uk

66 uy uy

dxdy+Zk“"yﬁ“y / ouk uk

Votuy Xy

yauy yﬂlly x

dxdy

‘ Sqk k oy s,
36 ux Si ~/Q" ()uxf Z/J dXdy +Z36 L’l’ysi / 5uy1u z/fsZ dXdy

(36)

auzzﬂu

/ / oekl gk dzdxdy

bolk

k o, sy

K oy 2B
= +ZU13X / 5uzou x/is dXdy +Z”x;: o / 6uxacux x/isdedy
ko(uz/i

S k Ll .z/fs
“zfy ' / 5uwuz YPBsy dXdy +Z“y55 ' / ()uyvu YbBs, dxdy

ko, 2P,
+Zy, 50 / ut, Zﬁs dxdy (37)
ks,
/ / dokt ek - dzdxdy = +zsju§/uz / 5s§% ;‘ﬁu dxdy
'z x
bo[k
K otsy Buy ko, B,
ZSX ljx 1 z/ bsﬁzs XBuy dxdy+zsy u{ Uz /k 551;%1/ u’;ﬂulydxdy
k ots, Bu, 2 k ois, : k
w2zl / ast,, uly, dxdy + 245 /Q ok, dxdy
(38)
Ztopy,
- / / 56T gk dzdxdy
o Zboty,
ko /ix sy s,
= 72552;;/ bsxo(; x/f dXdy S;Xs,y,/ bsxo(; y/j dXdy
k ois, s k o, B
7245 ;lys:/ 5sya x/stdXdysz sys;v/ 55yms Vbsy dXdy
w255l [ ok, dndy 25500 [ ost iy, dudy
13 sz ux 205, x/f,‘” 23 s;uy 205, Wy,y
k ois, kK kots, By, Uk
+Z36 éz::);/ (3521& xﬁux‘dedy"'Z% szuf, 552% y/j“dXdy
k o, . k
-2l [ ok, s, axy 39)
The equations are elaborated. In particular, the terms

Jox J7er oeklok, dzdxdy and [ /z““’k del gk, dzdxdy are integrated

Zbl n

by parts [41]. Notice that the term [y [ dokl,ek;dzdxdy does
k

Zpo,

not contain any integral that needs to be transformed using integra-
tion by parts. Therefore, no boundary terms are generated by this
term. The same consideration is valid for the term

— for fz“"’k 36kt gk, dzdxdy. The details of this integration by parts
are omitted for brev1ty

Now the focus is on the external virtual work. Consider the ap-
plied pressures. They are written in a slightly different manner in
order to use the power of the present generalized unified

kauxﬁ.u
13uy s,

Example 2: definition of /

kaux ﬂuy

Fig. 4. GUF. Example of some definitions related to the integrals along the thickness.
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formulation. Consider in particular the pressure term
5u§(x,y,zmpk)P’;‘(x,y, Zeop,) (see Eq. 25). Pf’(x,y,zmpk) is the force
per unit of area in direction x (subscript x) and applied at the top
surface (z = zyop,) Of the layer k (the superscript t means “top”).
The pressure P’; “(X,¥,Ziop,) is thought as a function along the thick-
ness (this is in order to use GUF) as follows:

PE(X. Y. Ztop,) = *Fa, (2 = Zuop,) - P (%,9) (40)

Notice that the same number of terms used for the expansion in the
thickness direction of the displacement u¥ has been considered. This
is a natural choice, considering the fact that the pressure in x direc-
tion works with the displacement in x direction.

Now the following notation is introduced:

"l ="Fa, (2 = Ziop,) (41)

The superscript t means that the functions *F,, are all calculated at
the z which corresponds to the top surface of layer k (i.e., z = Zip, )
where the pressure is supposed to be applied. Using this definition, the
pressure can be written using the formalism used for the
displacements:

PEUX, Y, Ziop,) = *F,, - PEL (x,y) = *F', P! (42)

Oluy XOluy Oy ™ XOluy
Observing that
5u)}:(x7y7ztopk) = xFocuX (Z = Ziop,) - 5ul;zux (*,y) = XF;,,X 5u§aux (43)

the contribution of the pressure PX (x,y, zp, ) to the external virtual
work can be written as (the secondary master index 8 needs to be
used):

SUY(X,Y Ztop, )P ' (X.Y, Zeop, ) = U, *Fy, F} Pyt (44)

Xy * Ouy ~ Puy” XBuy

or
S1k k t k k oy Buy pk
()ux (X=szt0pk)Px (xvy-, ztopk) = (Suxocux [DUX l;: B PXﬂux (45)
where
k oty t t
tDUxU: "= XFO(ux XFﬁux (46)

The other applied pressures are similarly treated. Superscript b
is used to indicate the bottom pressure; for example,
”FZUXHF% (2 = Zpoy,))- The virtual external work can then be
rewritten as

k ' K oy By ok £ K 2y fuy pk ¢
oL, =+ / k Oy, ‘Dy,uy P ;/J.,x dxdy + / K Oy, tD”y ’ryy ! P;/’“y dxdy
Ja Ja

k oy Bu, ok < k oy Buy pk b

+ /Q . Uz, "Dyl Pz/fuz dxdy + /0 . Sy, "Dy ™ Py, dxdy
Kk oy, B kb Kk o, B k b

+ /Q . dlyy, bDuy ey py/juy dxdy + /Q . Sz, "Dy ™ P dxdy

Ztop,
+ / k / PukTk + ouka X + ouka Kdzds (47)
FJ

Zbolk

The pressure terms s(for example P’X‘/f“ ) are inputs of the problem.
Terms of the type ‘Dufu”j’g”x are defined as pressure fundamental ker-
nels and are 1 x 1 matrices.

The pressure has been treated in a particular form because it is a
natural choice for the case of multilayered structures analyzed
with GUF.

The term in Eq. (47), which contains the prescribed stresses, is
elaborated to obtain an expression that contains the displacements
u¥, u¥ and u}. This elaboration is required since, in general, different
orders of expansions are used for different variables. After a few
elaborations it can be demonstrated that the contribution of layer

k to the expression of virtual external work is

spk _ kK dugBuy pk t ok tpk oy Buy okt
oLk = ¢ /Q o, DY dxdy + /Q o, DL P dxdy

Yotuy

dxdy

XPuy

o kK oty B k t k bk %uyBuy pk b
+ /Q | Olzy,, ‘Duu™* Py, dxdy + /Q L R

. k oty B, . k o, B,
k b ty Puy pk b k b uz f k b
+ L ouy,, *Dyw Py dxdy + /Q ouk,, Dy PLp dxdy

k oty By k Tk koupu, [ <k Tk
+Zy ” Sty Eop, ds+Zy,., o Oy, ty,j"y ds
JIG via

kow B [ -
S /r ok, B ds (48)
vtao

It is now assumed that where t% is assigned the corresponding
quantity uj, is not assigned. Similarly, where fy’;uy is assigned u%uy
is not assigned and where fz’;uz is assigned u’z‘,luz is not assigned. When
the displacements are assigned, the virtual variations of the dis-
placements are zero. For example, consider the displacement u’;&“x,
which is assigned (see above) only on the boundary portion
I'* — I'¥*. Therefore, in this portion of the boundary éuf, = 0. Sim-
ilar considerations can be made for the other displacefnents and,
thus, the following relations can be written:

out, =0 on T*-T%

X0y
suy, =0 on I*-T¢ (49)
ouf, =0 on I'*-T¥

Considering these last relations, the governing equations are:

kL k oty Buy -k K oty Buy k oty Buy ok
Ouxxl,x . Z]l Uy Uy ux/qu x 12 uy uy ,Vﬁuy Y ZlG Uy Uy "Xy, yx
_ Zk Ouy Ifu_v k _ Zk Oy Bs, ok _ Zk Ouy Buy  k _ ko‘”x/fuy k
16 ueuy “yhyy 13 uxsz “zfs, 16 ux ty “XPuy 26 uxuy " ypu, vy
_ Zk Sty By k B k ot Buy, e _ gkoubs, k
66 Uy tx XPuy vy 66 uy uy y/iuy xy 36 uxsz”zfs, v
K otuy 2Bs, k Kt otuy By, pkt kb oty Buy pkb
+Zu sy sz/;s —Duyu* XPx/f — Dyu,” XPx/z =0 (50)
X ux uy
(Suk . 72" Sy Buy o k o k oy By uk ko Buy ke
Yoy 12 uy ux “xPuy Xy 22 uyuy VBuy vy 26 uy ux " XPy, vy
o Zk O{'Hyﬁlly k - Zk 1uy/fsz k . Zk Oty Buy uk . k-’fuy/fuy k
26 uy uy “yfuy, xy 23 uys;~zs, 16 uy ux “XBuy 4 26 uy uy “yfuy, yx
Zk Otuy Puy u" k oy, Buy  k Zk Oy B, Sk Zk oy 2Ps, k
66 uy ux "Xy, yx 66 uy uy y/fuy x 36 uys;“zps, X Uy Sy y/fsy
Kt oy Buy pkt kb oy Buy kb
B D“y uy P.V/ny B D”y uy PYﬁuy =0 (51)
k . ko, Bs, k k o, /gsy k k o, 2PBs; ok k t o, Bu, pkt
Péumz s =Ly, “Sy b T Z,, 5, sy,jsy s +Zy,s sz,,xz —Dy,u, Pzﬁuz
kb o, fu, pkb
~ Dy Pl =0 (52)

< k otsy k k otsy k orsy
()Sk . +Zs<xﬁzﬁuz ulzc/;u i statlj: Buy .z uk _7 Olsy By Sk _ 7 mly ko _ 0
Z X

X0Lsy XPuy 55 Sx Sx “Xfisy 45 sy sy yﬁsy
(33)
cok . Koy Bu k kotsy uyz i kotsy By kosy Bsy e
Oy + TLsyu, Uz, T Zsyuy Uy, —Zas g5 S, ~ Zaa s, Sy, =0
(54)
koo kots, Buy 2 k kots, uy ok kois Buy - kots, Buy ok
085y, +Zs,u; Uz, T Zis g Up, T Zys, uy Uy, y +Z36 410 Usg,, ’

kois; Buy
+ Z36 Szly u)’ﬁuy N

The boundary conditions are omitted for brevity.

—Zirbagk —0 (55)

33 57572,

8. Navier-type solution

Suppose that only lamination schemes with angles 0 or 90 are
used. In this particular case, C;g = C25 = C35 = C4s = 0. From this
relation, it is clear that the corresponding coefficients of the mixed
form are zero as well: Cig = C36 = C36 = C45 = 0. Suppose also that

Struct (2008), doi:10.1016/j.compstruct.2008.07.013
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the plate is a rectangular plate, where a is the dimension in the x
direction, b is the dimension in the y direction. The external loads
and displacements and stresses are assumed to have a sinusoidal
distribution:

kt _ xpkt »mnx onmy kb xpkb »mnx onmy

Py, =Py Ci™S Pip =P Ci™ Sy

kt __ ypkt ommx-nmy kb ypkb ommx ~nmy

Vi = PhySa Co Pyg, ="Pp,Sa " Co (56)

kt __ zpkt ommx onmy kb __ zpkb omnx onmy
Phi =P SISy P = PSSy

(1, sb, ) = (UK, 7St yemmistm

(U, Sys,) = (UG, 0S5, )Sa™ ey (57)
(1, -85,) = (U, 285, ) S Sy™

where the following definitions have been used:

Co™ = cos? SV = sinn—;ry

SP™ = sin? o= cosn% (58)

The assumptions used for the displacements and transverse stresses
by using trigonometric functions solve exactly the problem of sim-
ply supported plate [41]. With these assumptions, the governing
equations become

ke oty Buy k otuy By, k oty sy
Ol +Kuy ™ XUf, + Ky Uf + Ky sy
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- k o, B k k oy, B,
Ollys,, Ky “”U/gux +Ky, .

uyly

k‘xuy Bs; zck ypk
+Kyys; Sﬁsz = Rtxuy

wygk 4 Kk Suy Bsy y Sk
Buy 5,

Uy Sy

k o,

ke oy, B B ke o
Otz +KSS) Ky S KT ES) =Ry

Oy
k i Kk oty By, k B,
55‘,‘“5}( : +stozf:/“" XU/k;ux + KSXOLZX/ ‘ ZUﬁuZ -+ sto;i"/sx XS;LX =0

. k%yﬁuyy k k atsy Bu, 71 1k k“syﬁSyy ko
OSya, K,y YU uy +Ks,w 22U by +Ks,s) S,fsy =0
< . k ots, Buy x 11k k ots, Bu, k k ots; Buy 2y 1k kos, Bs, zck
08z, + HK,uy Uy, + Koy ”U/fuy +Kou, U + K25, =0
(59)
where the loads have been defined as follows:
k Kk t oy By Kt Kk b oty By k b
"Ry = Dugu ™ *Py, 4 Duyu, ™™ *Py
Kk t o, k bowy, B
ypk uy Puy ypk t tyPuy y pk b
Rduy - D”y Uy Plfuy + D”y Uy P/fuy (60)

z Rl;uz _ D’;quaiuz/fuz zpﬁui + D’;Zbujuz/fuz z Pl;l,:
The 21 fundamental nuclei or kernels of the generalized unified for-
mulation (see Eq. 59) are defined as follows:

272 272
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At this point, equivalent single layer models (with or without Mura-
kami’s zig-zag function) and layerwise models have the same for-
mal expressions (this concepts will be clarified later). The
distinction between the different types of theories presented is in
the assembling. Part II (see [37]) will analyze the case of layerwise
models, Part III (see [38]) will analyze the mixed higher order shear
deformation theories and Part IV (see [39]) will consider the case of
mixed zig-zag plate theories.

Infinite theories can be obtained by expanding the kernels of Eq.
(61). In particular, the matrices at layer level are obtained by
expanding the 1 x 1 kernels. Then, the layer matrices are assem-
bled in the thickness direction according to the category of the ana-
lyzed theories (see Part II, Part IIl and Part IV). Suppose that the
generation of the matrices and assembling process for a particular
theory (it is not relevant to specify if the theory is an equivalent
single layer or a layerwise theory and what orders are used for
the expansions of the different variables) have been performed.
The governing equations are written as follows:

Kiw Kiuw Ouu Kis Ous K U *R
Kiyuy Ouu, Ous, Kis, Kips, yu JR

0., Kis Kis Ky U ‘R

Kis, Oy O, | |*| |*0

Symm Ks,s, O, 'S ]
Ks,s, s 20

(62)

From Eq. (62) it can also be deduced that only 13 kernels (see Eq.
61) are really required for the generation of any theory. IN FEM
applications it is possible to demonstrate that in general thked r/?—
quired kernels are 14 and not 13. In particular, the kernel K, ‘;; ¥
is different than zero and has to be considered in the generation
of the theories. In the present Navier Type solution that kernel is
zero because the lamination scheme can be only with angles of zero
or 90 degrees.

In order to eliminate the stress variables (Static Condensation
Technique), it is convenient to partition Eq. (62) as follows:

KyyU +KysS=R
{ vl + Kys 63)
KsyU + KssS =0
Substituting the second equation into the first equation:
_ -1
S = —(Kg) KSUU1 (64)
KyyU — Kys(Kss) ' KsyU =R

The first equation of system 64 is used to calculate the stresses a
posteriori and the second equation of system 64 becomes

(Kuyy — Kys(Kss) 'Ksy)U = R = KixedU =R (65)

The matrix Kpixea can be rendered explicit and, thus, Eq. (65)
becomes:

Kux Uy Rux uy Kux Uz U *R
Ruy Uy Ruy uy KUy u; | Ul =|'R (66)
Kuz Uy Ruz uy Kuz uy ‘U ‘R

Notice that K, ,, # Ky, and so forth. In the case of Navier-type
solution the static condensation technique (SCT) produces exactly
the same results as the case in which SCT is not performed. This
is because the condensation is performed at structural level. In
FEM application, the static condensation is conveniently applied
at element level to formally obtain a displacement-based formula-
tion. However, the continuity of the out-of-plane stresses in the
plane is not enforced and, thus, the static condensation technique
differs in this case from the “full” case.
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Once the static condensation has been performed and the
amplitudes of the displacements are calculated, the amplitudes
of the stresses can be calculated using the first relation of Eq. (64).

9. Conclusion

The first part of this work presented the governing equations for
oo® mixed theories based on Reissner’s mixed variational theorem.
This formal technique allows the generation of a very large variety
of theories: layerwise models, mixed higher order shear deforma-
tion theories and zig-zag theories which can all be generated from
only thirteen kernels of the generalized unified formulation. The ker-
nels are 1 x 1 matrices and have the fundamental property of being
invariant with respect to the type of theory (e.g., layerwise or
mixed higher order shear deformation theories) and the orders
used in the expansion of the different variables. For example, the
layerwise theory with cubic order for the in-plane displacements
Uy, Uy and stresses 0, 0, and parabolic order for the displacement
u, and stress g, and the mixed higher order theory with parabolic
order for the displacements uy, uy, u, and stresses o, 0, 0z, have
the same kernels. This fundamental property allows the creation
of a powerful tool, which can analyze plates with very high accu-
racy (layerwise models with high orders used for the displace-
ments and stresses) or with low computational cost if the case is
“less challenging” such as the case of isotropic thin plates. The gen-
eralized unified formulation also allows an independent treatment
of the unknowns, and this could be used for the generation of new
numerical approaches in FEM applications. Part II of this work will
analyze the case of layerwise theories. Part IIl will focus on the case
of higher order theories and Part IV will discuss the zig-zag theo-
ries. Finally, Part V will show numerous comparisons between
some of the infinite possible theories.
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