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ARTICLE INFO ABSTRACT

The generalized unified formulation introduced in Part I for the case of composite plates and Reissner’s
Mixed variational theorem is, for the first time in the literature, applied to the case of layerwise theories.
Each layer is independently modeled. The compatibility of the displacements and the equilibrium of the
transverse stresses between two adjacent layers are enforced a priori. Infinite combinations of the orders
used for displacements u, uy, u, and out-of-plane stresses o, 0, 0., can be freely chosen. oc® layerwise
theories are therefore presented. The code based on this capability can have all the possible cc® theories
built-in, thus, making the code a powerful and versatile tool to analyze different geometries, boundary
conditions and applied loads. All ~® theories are generated by expanding 13 1 x 1 invariant matrices
(the kernels of the Generalized Unified Formulation). How the kernels are expanded and the theories gen-
erated is explained. Details of the assembling in the thickness direction and the generation of the matri-
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ces are provided.
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1. Introduction
1.1. Layerwise models: main theoretical concepts

Equivalent single layer theories give a sufficiently accurate
description of the global laminate response. However, these theo-
ries are not adequate for determining the stress fields at ply level.
Layerwise theories assume separate displacement field expansions
within each layer. The accuracy is then greater but the price is in
the increased computational cost. Many layerwise plate models
have been proposed in the past by applying classical plate theory
or higher order theories at each layer. Generalizations of these ap-
proaches were also given, and the displacements variables were
expressed in terms of Lagrange polynomials. Among the papers de-
voted on the subject of layerwise theories, Refs. [1-5] give an idea
of the different approaches. Normally, displacement-based layer-
wise models do not a priori take into account the continuity of
the transverse stresses between two adjacent layers. The problem
of satisfying the interlaminar continuity of the transverse stresses
a priori led to the derivation of mixed layerwise theories [6-8].
Layerwise theories could also be easily extended to the case of
composite beams as explained in Ref. [9]. The conceptual differ-
ences between the displacement fields in layerwise and equivalent
single layer theories are depicted in Fig. 1. Layerwise models are
computationally more expensive than the less accurate equivalent
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single layer models. Therefore, layerwise models can be used in re-
gions of the structure in which an accurate description is required
[10], whereas equivalent single layer models are employed in other
parts of the structure. It is also possible to develop quasi-layerwise
theories in which some quantities are described using the layer-
wise approach and some are described using the equivalent single
layer approach. These two categories of theories will be described
in Part IIl Ref. [11] and Part IV Ref. [12] of this work.

1.2. What are the new contributions of this work

The generalized unified formulation (GUF) [13,14] is a new for-
malism and a generalization of Carrera’s Unified Formulation (CUF)
[15]. GUF was introduced in the case of displacement-based theo-
ries. GUF was extended, for the first time in the literature, to the
case of mixed theories (see Part I, Ref. [16]). In particular, Reissner’s
mixed variational theorem (RMVT) (see [17,18]) was employed.
The unknown variables were the displacements and transverse
stresses.

In the present work GUF will be extended to the case of com-
posite multilayered structures analyzed with layerwise models.
Each layer variable (a displacement or a transverse stress) will be
independently expanded along the thickness leading to a very wide
variety of new theories. Since each variable can be expanded in
infinite different forms (by simply changing the order of the poly-
nomial used in the expansion along the thickness), the case of
RMVT-based theories leads to the writing of oc® layerwise mixed
theories. All the possible theories generated using GUF can be
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Fig. 1. Layerwise theories vs equivalent single layer theories in a three layered structure.

implemented in a single code without the requirements of new
implementations or theoretical developments.

This is a new powerful methodology to create layerwise theo-
ries, and the details will be given in this work. In particular, it will
be shown how to generate the layer matrices from the fundamen-
tal nuclei or kernels (introduced in Part I, Ref. [16]) and how to
assemble these matrices. The interlaminar continuity of the dis-
placements and transverse stresses is taken into account. Numer-
ous examples clarify how to use GUF to generate a desired
layerwise theory.

2. Theoretical derivation of «° layerwise mixed theories

For a generic layer k, the displacements uf, u¥, u¥ and out-of-
plane stresses o%, = sf, g%, = sf, g% = sk are written in a compact
notation (the generalized unified formulation) as follows:

k k k k i

uy =*Fu, + XFlu,q + XFqub =*Fy, Uy

Xy,

o, =t Lb; 1=2... Ny

k _y k y k y k _y k
u, = F[uyr + quym + Fbuyb = Fauyumy
oy, =t,mb; m=2,...,N,
up = “Feutf +Foif, +Fpuif = “Fy ul,
o, =t,n,b; n=2,...,Ny

z

K k K k
Sy ="FiSy, + FpSy, + FpSy ="Fuy Sy,
:t7p$b; p:27--~7Nsx

k __y k y k y k _y k
S, = ]—'rsy[+ ]—‘qsyq + ]—'bsyb = ]—‘%ysyasy

:tq7bv q:2;-~.,Nsy

k k k k k
S; = FiS; + 0TS, + I FpS, = Fus,

Z0ts,
os, =t,r,b; r=2,... N

z

The functions of the thickness coordinate are introduced in a gen-
eral form. For example, *F; is a function of z and can be a polyno-
mial, trigonometric, exponential or another function chosen a
priori. To have the assembling process along the thickness direction
immediate and intuitive and indicated for the case of multilayered
structures a convenient expansion along the thickness is introduced.

The displacements and out-of-plane stresses must be continu-
ous functions along the thickness to ensure the compatibility of
the displacements and the equilibrium between two adjacent lay-
ers. Therefore, it is convenient for the axiomatic expansions along
the thickness to have the following properties:

e Property 1
For z = zyo, (the bottom surface of layer k; see Fig. 1 in Part I, Ref.
[16]) all the functions along the thickness are zero except the
one which multiplies the term corresponding to the bottom
(subscript b). For example, in the case of the displacement u¥,
the functions calculated at the bottom of layer k should give
the following values:

*Ft(Z = Zpoy,) = 0 *F((Z2 = Zpoy,) = 0 *Fp(Z = Zpoy,) = 1 (2)

If the previous conditions are satisfied then from the first expres-
sion of Eq. (1) it is possible to deduce:

US(Z = Zbor,) = 0- Uy +0-ug +1-uf = uy (3)

Therefore, if the conditions reported in Eq. (2) are satisfied, u’x‘b is not
just a term in the thickness expansion of the variable u¥ but as-
sumes the meaning of the value that the displacement uf takes
when the bottom surface of layer k is considered (i.e., Z = Zpy, ). This
now explains why the subscript “b” is introduced in the notation.

e Property 2
For z = z,p, (the top surface of layer k) all the functions along
the thickness are zero except the one which multiplies the term
corresponding to the top (subscript t). For example, in the case
of the displacement u¥, the functions calculated at the top of
layer k should give the following values:

Fiz=2up) =1 Flz=20p)=0 ‘Foz=Z0p)=0  (4)

If the previous conditions are satisfied then from the first expres-
sion of Eq. (1) it is possible to obtain:

US(Z = Ztop,) = 1-Uf +0-1uf +0-uf =uf (5)
Therefore, if the conditions reported in Eq. (4) are satisfied, u¥ is not
just a term in the thickness expansion of the variable u but as-
sumes the meaning of the value that the displacement u} takes
when the top surface of layer k is considered (i.e., Z = Zyp, ). This
now explains why the subscript “t” is introduced.

e Property 3
It is known that polynomial functions of the type z} are respon-
sible for ill conditioning (see a discussion of this problem in
[19]) when n is increased. This can be avoided by using orthog-
onal polynomials.

A good set of functions (for all the displacements and out-of-
plane stresses) which satisfy the above mentioned properties
should be selected. It is possible to demonstrate that all the previ-
ous properties are satisfied if particular combination of Legendre

(2008), doi:10.1016/j.compstruct.2008.07.012

Please cite this article in press as: Demasi L, co® Mixed plate theories based on the Generalized Unified Formulation ..., Compos Struct




L. Demasi/Composite Structures xxx (2008) XxX-Xxx 3

polynomials is used. Legendre polynomials are defined in the inter-
val [—1,1]. Thus, a transformation is necessary:

_ 2 7 _ Ztopk + Zbotk
Ztopk - Zbotk

G ~1<G<+1 (6)

Ztopk - Zbotk

where {, is a non-dimensional coordinate. The following formula is
also valid:

Ztopk = Zbotk + hk (7)
The transformation is then

Ck _ EZ o Ztopy, +Zb0tk (8)

hk Ztop,< - Zbotk
The Legendre polynomial of order zero is Po({;) = 1. The Legendre
polynomial of order one is P; ({x) = {,. The higher order polynomials

can be obtained by using Bonnet’s recursion [20]:

2n+ )P (&) — nPy_
Pn+1(ék) :( n+ )(:k n(i?l n I(Ck) (9)

Bonnet’s formula is a convenient method to calculate the Legendre
polynomials in a practical code based on the generalized unified
formulation.

The explicit form of the Legendre polynomials of order 2, 3, 4
and 5 are the following (but in practice these formulas are not con-
venient and the recursive method previously introduced should be
used):

(10)

The same functions for all displacements are used. This is not nec-
essary with the generalized unified formulation but it is more prac-
tical. The following combination of Legendre functions is used:

XF, =YF, = %F, = PU;PI XFp =YF, =%Fy = Pu;lﬂ
XFI:PI_PI—271:273,~"'7NUX

YFy =Py —Ppam=23,... N,

Fy =Py —Py2,n=2,3,...,Ny,

(11)

in which P; = Pj({y) is the Legendre polynomial of j-order. The cho-
sen functions have the following properties:

. {+1., *F¢,YF¢,*Fr = 1,%Fp,Fy,*Fy = 0,%F|,YFm,*Fn = 0
FTN A1, % YFF, = 0,%Fy Yy, 2y = 1,°F, Y, Fy = O

(12)
Thus, the properties earlier mentioned are all satisfied and this set
of functions is a good choice to build the mixed layerwise theories.

It is convenient (but not necessary) to use the same type of func-
tions for the thickness expansions of the stresses:

X =YF, =%F, :P0J2rP1 KXFy =YFy =%F, :Pogl’l

X]:p:Pp_P[VZv p:2,3,...,NSX (13)
YFq=Pg—Pia, q=2,3,...,N
Z]:r:Pr_Pr—Za r:2737"'7N5z

With the generalized unified formulation other functions could be
used without changing the formalism. However, combination of
Legendre’s polynomials has been proven effective and convenient
(see Ref. [6]). It is then possible to create a class of theories by
changing the orders of displacements and stresses. Suppose, for
example, that a theory has the following data: Ny, =3, Ny, =2,

Ny, =4, Ns, =5, Ny, = 4, N5, = 6. The corresponding theory is indi-
cated as LM3so. The first letter “L” means “Layerwise” theory, the
second letter “M” means that a “mixed” variational theorem is used
(Reissner’s variational theorem). The subscripts are the orders of the
Legendre polynomials used for the displacements. The superscripts
are the orders of the Legendre polynomials used for the out-of-
plane stresses. In general, the acronym is then built as follows:
Nsy N, N,
LMy -

Mixed theories based on RMVT and a Compact Notation
were also introduced by Carrera [6-8]. In particular, he formu-
lated the problem with Carrera’s Unified Formulation (see the
discussions in [13,15]). The main differences between CUF and
GUF and the notations for layerwise theories are shown in
Fig. 2. If the Static Condensation Technique (SCT) is not per-
formed then the theory is indicated with the acronym
LMinXX',V\fuyy’\,Jj;, where “F” means “full”. The other quantities have
the same meaning as before.

A more detailed discussion on the static condensation tech-
nique is reported in another of author’s work [21]. In particu-
lar, FEM applications of Carrera’s Unified Formulation are
analyzed, and it is shown that SCT is fundamental to reduce
the CPU time for the (already computationally expensive) lay-
erwise theories. In fact, using the “full” approach improves
the calculation of the out-of-plane stresses but the price is
too high. Therefore, for the common engineering applications
of mixed layerwise theories SCT should be performed at finite
element level.

3. How «° layerwise theories are generated
3.1. Kernels of the generalized unified formulation

In Part I Ref. [16] the governing equations (Navier-type solu-
tion) were written with a Compact Notation: the generalized uni-
fied formulation. All of the equations, including oc® different
combinations, were written as function of kernels of the generalized
unified formulation. In particular, six pressure kernels of 1 x 1
matrices were introduced. Also, 21 kernels were used to generate
the matrices (but only 13 are really required). The fundamental
equations, invariant with respect to the orders used for the expan-
sions of the different variables, are the following:

1x1kernel ynknown ~1x1kernel ypnown  1x1kernel unknown —1x1kernel unknown  known
kou,

Kotuy By x7 7k uy yrrk ko Bsy “x ck ko Bs, 7k xpk
Kiza YU R YU T Kiee st Tk st T <R

Oluy

Ix1kernel ypknown ~ 1x1kernel ypgpown — 1x1kernel ypgnown  1x1kernel unknown — known

Kkauy Buy xyk 4 K’«m Puy Yy Uk + K’my By Ty gk 4 Kkamy Bs, 2 sk _ YRk
Uylx Buy Uyly Buy UySy Bsy Uysz [
1x1kernel unknown ~ 1x1kernel yngnown  1x1kernel unknown  known
Kl 3t Kl vsk el sk 2R
Uzsx Bsx UzSy Bsy Uz5z Bs, T Tow,
1x1kernel ynknown 1x1kernel ynknown 1x1kernel unknown
— A T
Kko’-sx Buy xuk + Kk%x Bu, zuk + kasx Bsy xSk -0
Sxlx Buy SxlUz Bu, SxSx By
1x1kernel ypknown 1x1kernel ynknown 1x1kernel ynknown
Kl vk ke 2k T gl gk g
Sylly Buy Syl Buy SySy By, =
1x1kernel unknown ~ 1x1Kernel yninown  1x1kernel unknown —1x1kernel unknown
~ = ~ = ~ = ~ =
Kol XU " kg™ YUK ke 2Uk ke ek —0
Szlix Buy Szlly Buy Szllz Bu, R&4 B,
(14)

It will be shown that Eq. (14) is valid for the case of layerwise the-
ories and also for higher order shear deformation theories (see Part

(2008), doi:10.1016/j.compstruct.2008.07.012
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Layerwise RMVT-based Theories (LRT)

Carrera’s Unified
Formulation

L = Layerwise
M = Mixed theory based on RMVT

Meaning of the acronym

Generalized Unified
Formulation

LMN

uk— Order N (expansion along the thickness)
Mf% Order N (expansion along the thickness)
u¥~ Order N (expansion along the thickness)
5% Order N (expansion along the thickness)
s fﬂ Order N (expansion along the thickness)
5% Order NV (expansion along the thickness)

NyxNsy Ny

LM y, NN,
uf - Order V,, (expansion along the thickness)
u’f — Order Vy, (expansion along the thickness)
ut - OrderV,,, (expansion along the thickness)
5% Order NV, (expansion along the thickness)
s%— OrderN;, (expansion along the thickness)

s %> OrderN;, (expansion along the thickness)

Example: theory LM3 (cubic order) Example: theory LM 333
ub = BELLyE 4 (Py — Po)uk, + (P3 — Pul, + 252 uk, uk = DEfLyk g Lol b

k — PotPy ok k k Po=Pyi , k k — PotPrk k k PoPy

%uy[ aF (Pz = P@)uyz F (P3 = P])lzly3 F ’Tu},h u, = ’Tuyl arF (Pz = P())uyz aF (P} — P )Lty3 aF %u%
Po+P Py—P Po+P. » Py—P

uk = Lyt (Py = o, + (P — Pouk, + 2, uk = PPk 4 (P = Pout, + TSP,

k

Po+P Po-P
S!é = 02—‘ sf“ + (P, — Py )S!ﬁ2 + —”2 ! S,

k _ PotPy ok k k Po—Py Kk
R L5k, + (P2 — Po)sk, + (P3 — P1)s%, + =555,

sk =
k _ PotPi ok k k Po—P1 Kk k _ PotPi k k Po-P1 k
sy = =5sy, + (P2 = Po)sy, + (P3 = Pi)sy, + =55y, sy = =58y, + (P2 — Po)sy, + =553,
PotP1 k Po-P PotP ;| PP
st = 5+ sk + (P2 — Po)sk, + (Ps — P1)st, + S o5, sk = 5 sk, + (P2 = Po)sk, + (Ps — Pi)st, + 5 st,
Or Or
uk ="Fuk + Fyuk,

k— ok k k k
uy = Fuy, + Fouf, + Fauy, + Fpuy, , ok vk vk
' uk =IFuf, + "Foul, + Fsuf, + Fyuf,

= F,u{‘,/+F2u§Z+F3u;‘,3+F/,uf,h P
. y us =Fuz, +*Fu;, +°Fpus,
ub = Fuf + Fauf, + F3uf, + Fpu¥, i

sk =*Fsk +Fosk, +* Fosk,

k — k k k k
sy = Fusk + Fosk, + Fasy, + Fisk e 9 .
x 8 28x, 38x; bSxy Sf, :‘frsf,r, +1725,€z +"-,Ffvs;,‘;,,

k — k k k k
sy = Fus5, + Fas§, + F3s§, + Fpsy B B _ ;
4 e e % o sk =*Fisk +*Fosk, ¥ Fask, +°Fpsk,
sk = F,sé‘, + ngffz + F35§3 + Fhséh
Or
Or Kk — x k
u= Foutk a=trb r=23 us = Fopthay au = 1b
Kk — ¥ k
: uy = "Fo, Usa,, a,, =t,mb m=23
s/\ — Fas(kz a = l,}‘,h r = 2,3 ,: i uy Y0y uy L) )
ut = *Fo ube,, a, =tnb n=2
k— X k
sy =" Uy S Xty as, = l,p,b p= 2
Kk — ¥ k
sy =P, Sha, s = Lgb qg=2
sk=*F. sk, as, =t,nb r=2,3

Fig. 2. Acronyms used to define the RMVT-based layerwise theories using Carrera’s unified formulation and generalized unified formulation.

1x1pressure kernel input 1x1pressure kernel input

111, Ref. [11]) with or without Zig-Zag functions (see Part IV, Ref.
[12]). The loads have been defined as follows: YRk kay/fuy 7 P’“\+ Dkbazuy/)’uy T Pk\b
T uyly Buy uyuy Buy

1x1pressure kernel input 1x1pressure kernel input
1x1pressure kernel jnput 1x1pressure kernel jnput

kt kb
XRk — Du [’L‘lux Buy kat + D;l Zux Buy kab "
Oy xUx Pu xUx B Kktow, B, kbow,
X ux sz _ D uz Puy szt + D uz Puy szb (-l 5)
oy Uzl Bu, Uy, Bug
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The amplitudes of the type "P’,jzx are assigned by the user. This input
is given at multilayer level, as will be shown.

Eqs. 14 and 15 are invariant with respect to the theory. That is,
theories LM355 and LM$2 (among the infinite possible theories) are
generated from Eqs. 14 and 15. Where is the difference between
the two theories? The difference is at layer level, after the kernels
have been expanded to have the layer matrices. These matrices

then have to be assembled at multilayer level.
3.2. Expansion of the 1 x 1 kernels: matrices at layer level

First, it has to be pointed out that so far each layer is treated
using the same functions. Therefore, the number of terms used to
describe the layer matrix is kept the same. This is not mandatory,
but unless local effects have to be taken into account (e.g., delam-
ination) it is a “natural” choice. Even in the case of local effects a
sufficiently high order can be used and the usage of different or-
ders for the different layers can be avoided. In this paper the
expansion used in the different variables does not change and each

layer is treated in the same way. Thus, for example,
Nﬁx = Nﬁx” = N,,. The expansion of the kernels is the most impor-
tant part of the generation of one of the possible oc® theories. This
operation is done at layer level. To explain how this operation is
performed, consider the case of theory LM335, in which the number

of degrees of freedom, at layer level, is the following:

[DOFl; =N, +1=3+1=4  [DOFj; =N, +1=2+1=3

[DOF)S =N,, +1=4+1=5 [DOF =N, +1=5+1=6

[DOFl; =Ny, +1=4+1=5  [DOF|{ =N, +1=6+1=7
(16)

From the number of degrees of freedom it is possible to calculate

kotuy fis,

the size of the layer matrices. For example, when matrix K, " is
expanded then the final size at Ilayer level will be
[DOF/lﬁX x [DOFJX. In the example relative to theory LM33;, matrix
Kﬁfs“j * at layer level (indicated as Kﬁm) is a 4 x 7 matrix and ob-
tained as explained in Fig. 3.

RMVT-based
Layerwise theory I M 324

546

oy, =t0Lb [ =2,3
Bs. =t.nb r=234,5,6

[DOF]f =N, +1=17

Qu, =1 Qu, =1
Bs. =1 Ps. = b
ktb
Klljictsz Kuxsz
(1x1) (1x1)
Oy, =1 Oy, =1
ﬂs‘, =2 5. = 6
k12 kt6
Kusz . =t oy, =t Kuxsz
(Ix1) "y p. =5 (Ix1)
k3 Cu, =1
K. - (KioD
ktd
(Ix1) Kusz (1x1)
(1x1)
Expanded matrix (layer level)
kit k2 kt3 ktd kt6 ktb
Kl KWK, KR KEDKES. KIS
k2t %22 %23 k24 K25 £26 K2b
K k —_— KMXSZ Kusz Kusz Kl/lxsz Kuxsz Kuxsz Kuxsz
UxSz 3¢ 32 33 k34 35 136 3b
([DOF]/\ » [DOF]A ) Kusz Kuxsz Kuxsz Kuxsz Kuxsz Kuxsz Kuxsz
kb2 kb3 kb4 kb5 kb6 kbb
Kﬁizéz Kusz Kusz Kuxsz Kuxsz KUsz Kuxsz

kot

Fig. 3. Generalized unified formulation: example of expansion from a kernel to a layer matrix. Case of theory LM335, From Kj" to K’,jxsz.

(2008), doi:10.1016/j.compstruct.2008.07.012
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y

Layer (k+1)

Fig. 4. Equilibrium between two adjacent layers.

3.3. Assembling in the thickness direction: from layer to multilayer
level

In addition to the compatibility of the displacements, the equi-
librium between two adjacent layers implies that sk = sf(’;”),
sk =syi") and sk =iV (see Fig. 4). Therefore, the assemblmg
must consider thls fact. Fig. 5 shows how the assembling of a typ-
ical matrix is performed. The pressure matrices are obtained from
the pressure kernels using the same method shown in Figs. 3 and 5.
The use of combinations of Legendre polynomials ensures the con-
tinuity of the functions, which are used to expand the displace-
ments and stresses. Fig. 6 shows this concept for the case of
theory LM355. The pressure amplitudes at multilayer level are input
of the problem. Some input examples are shown in Fig. 7.

Once the matrices are all assembled, the system of equations

becomes:

Kuxux Kuxuy ouxuz Kuxsx ouxsy KuxsZ U *R

Ky Ouu Ous, Kis Kio | [YU| 'R
0, Kis, Kis, K, Ul R
stsx osxsy osxsZ *S a *0
Symm K5,  Osys, 'S 70
Ks,s, S 20
(17)
where
XR:[Dqux 'XPt+bDuxux .pr

yR:tDuyuy . yPt+bDuyuy . be (1 8)
“R='D,,, - 2P'+°D,,,, - P
4. Theoretical examples

The generation of the infinite theories is not a very difficult
problem when the generalized unified formulation is used. To help

the readers create their own code based on this procedure, the
author reports here several numerical examples. In particular, the-
ory LM3255 will be analyzed in detail. Suppose that the goal is the
generation of matrix K.

The kernel associated with matrix K, , (at layer level) is the
following:

Ketuy s M ko, s mm Zropy

Kt = -l = Mt [T, @) F, @4 (9)
a a Zbotk

The functions used in the expansions along the thickness are

defined as a combination of Legendre polynomials. Therefore, it

is convenient to transform the interval (see Eq. 8). The kernel is

then

U; 'S h
Kt = TR [ ()5 Gd (20)
For the case in which o, = f;, =t

Kﬁitsz = —mr M [F(G) FF(G0dG

(21)
el [ Pyt Bty
or
ke — lez f;k / ( + Ck) dey — —t, m31'cahk (22)
Similarly for the case in which oy, =t and g, = 2:
K’u‘ii = —mECly Y [ ARG 2 ()G 2
o C11{3hzk 77 P (P, — Po)di
or
mr o, he 148 3(6)° =3 mn _, h
ki - T [ 2 TR 24

(2008), doi:10.1016/j.compstruct.2008.07.012
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[DOF]! =N, +1 =4

If we have N; layers, the number of
Degrees of Freedom is obtained
as follows:

[DOF], = [DOF]% «N,—(N/-1)
[DOF], = [DOF]* -N,—(N/-1)

Sz
This example considers two layers.
So [DOF] =7 [DOF] =13

Ux Sz
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[DOF)* =N, +1=7

Layers have different thickness
and material properties. So the
matrices are different

Ki.# Kus.

Ku Sz

K kD

UxSz

([DOF1, x

[DOF], )

Sz

Equilibrium and compatibility
are imposed

KD KUSD? KEDe KD KEsP® KggPe Kb 0 0 0 0 0 0
Kglk;sr,-l)b K(ulgzl)ﬂ KLISZI)B K(ulggl)24 KEIISZI)ZS K(ulgzl)% KE[ISZI)Zb 0 0 0 0 0 0
KD KEGD? KIGDY KD KEDS KD KD 0 0 0 0 0 0
KD KD KD KD KD KD KD+ K| KI5, Kis, KiK. KiS. KO
0 0 0 0 0 0 K%, Kir. Kis. Koo K@ K& K
0 0 0 0 0 0 K. Kis. Kis Kis. Ko  Kiso KGs.
0 0 0 0 0 0 KE, Kis. K. Koo Kis. K K

k
Kuxsz

Fig. 5. Generalized unified formulation: example of assembling from layer matrices to multilayer matrix. Case of theory LM335. From K and K{" to Kys,.

Thirteen independent matrices are required to solve the problem.
l(fjxsZ is just one of them. The other matrices can be calculated with
a similar procedure. Another case is analyzed to clarify the proce-

dure. Consider the kernel used to generate Kﬁxsx.

KOy KOL ‘Ztop d XF z
K" = +Zu = / e (25)
J 201, dzk N
changing the variables and using the thickness coordinate {;:
+1 di*F e
Ko™ = / 1 4P, (6] é"gk(gk” 2 (G (26)

The other calculations are omitted for brevity. The 13 independent
matrices at layer level are reported in Appendix A.

The sizes of the layer pressure matrix fD';XuX and bijXux are the
same as the size of matrix Kﬁxux. Similarly, the sizes of the matrices
‘D’;yu and ”D’;yuy are the same as the size of matrix K . Finally, the
sizes of ‘D{ ,_and ’Df , are the same as the size of matrix K, . The
pressures can be applied only at the top or bottom surfaces of the
plate. This means that the pressure matrices at layer level are cal-
culated only for k = N; and k = 1, the top and bottom layers respec-
tively. In particular, foquX, fDﬁyuy and fojzuz are calculated only for

k = N, (for the other layers these matrices are set to be with only

zeros). Similarly, D}, , *Dy , and "D}, are calculated only for
k =1 (for the other layers these matrices are set to be with only
zeros). The assembling to multilayer level is then done as for the
corresponding matrices. For example, matrix ‘D, is built using
the same procedure used for matrix Kﬁxux.

The pressure matrices at layer level are obtained using the def-

initions reported in Part I Ref. [16]. For example, for the top layer
k = N, (notice that in any case the top surface of the layer is found
when {, = +1):
Dy ™ =F, XFy = F (G = +1) *Fy, (G = +1) (27)
Considering the properties of the functions along the thickness
(combination of Legendre polynomials), the only term that is differ-
ent than zero is the one corresponding to o, = f,, = t:

Dy ="F Fy="Fi(l = +1) "Fe((e= +1) = 1 (28)
For the other pressure matrices of the top layer:
Dy =YFIF = YFe((e = +1) YFe(Ge= +1) = 1 29)

DN = 2Ff 2Fy = TFo(( = +1) Fe(Ge = +1) = 1

Uzl
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[DOF]} = Nu +1 =4 = [DOF], = [DOF]} -N/—(Ni=1) =7  [DOF]t =N, +1=6= [DOF]_=[DOF]\ +N/-(N,-1) = 11
[DOF), = Ny, +1 =3 = [DOF], = [DOFI* -Ni~(N;-1)=5  [DOF]; =Ny +1=5= [DOF], = [DOF]{ +Ni~Ni~1) =9
[DOF)f = N, +1 =5 = [DOF], = [DOF]t -N/~(N/=1) =9 [DOF)'. = Ny. +1 = 7 = [DOF),_ = [DOF]* N/~ (N;=1) = 13
Unknown Unknown
displacement amplitudes out-of-plane stress amplitudes
z
ned V) 27D oS y wn?S (k1) ‘S
Uy % S — rS g el
I — =L 3 e ) e )
yUk _ng"*])
J’U,’j ZU;‘ =ZU1(7/;+1) vk =g gkn)
xQk _xg (k+1)
Sz *Sb 'S/\' -5 (k+l)_
Wi FOb -
[Tk ] ys k _
b 1 Sh o
VSIlf 5
ZSZ’; s

Fig. 6. Case of theory LMg‘z'ﬁ. Multilayer unknown displacement and out-of-plane stresses for the case in which the number of layers is two.

Considering again the properties of the functions used for the thick-
ness expansions it is deduced that for the bottom layer (k = 1) the
only terms that are different than zero are the ones with master
indices equal to b:

"Dy, " ="Fy *Fy ="Fo(l = =1) "Fy(le = 1) =1
oD L P =Y YFy = YFy(G = 1) YFy(Ge = —1) = 1 (30)
D P = 2F) 2F) = Fy (G = —1) Fy(Ge = —1) = 1

5. Calculation of the stresses

The system of equations with unknown amplitudes of displace-
ments and stresses is represented by Eq. (17). This system can
either be directly solved or the static condensation technique
(see part I, Ref. [16]) can be performed. When the Navier-type solu-
tion is considered it is not really important if the static condensa-
tion is performed or not, but when FEM computations are
concerned, the static condensation (if performed at element level)
can significantly save CPU time. Suppose now the amplitudes are
known. The stresses need to be calculated. Once the amplitudes
are known, it is possible to extract the vectors of amplitudes at
layer level (see Fig. 6). Form these vectors the displacements and
out-of-plane stresses can be calculated immediately using the def-
inition of generalized unified formulation. For the generic layer k
the following formulas are valid:

— xF%X uk

X0y

A U Sy
Fvuy . _y Fotuy y Uk Smnx Cnny
zquZ s deuZ ZUI;” SmnxSnny
< _x j_-“sx e _X ]:“SX x SI;SX Camnx SZTU’
_y ]:USy by = vy _7:% y SI;Sy S‘Y]ﬂnx any

k  ommx onmy
Z z
Fo,?Sh SIVS)

31)

( Z]:“SZ

205,

where, for example, Cj'™ = cos™® and S;™ = sin X,

5.1. In-plane stresses calculated using mixed form of Hooke’s Law
(MFHL)

Since a mixed approach has been adopted, it is a natural choice
to use the MFHL (which is explicitly shown in Part I, Ref. [16]) to
calculate the in-plane stresses:

= [l U~ Ol R U,

Oy Oluy

+CEF, S, | Samsy

k mr Kk x x71k nwk y yrk
Oy = [*Tclz Fy, Uxux -5y Fa, Uxuy (32)

+Chy2F o, 7K, ] S gy

_ nm ok x xyrk mn k k mAX HNTY
= [+TC66 Fo, U, + 73 Cos yF‘xuyyUOLuy]Cﬂ Gy

The following can be observed:

e The stresses g%, and o"‘ do not have explicit dependence on the
amplitudes ZU" XSk and vsk

e The stress o" does not have expllctt dependence on the ampli-
tudes *Uj,_ "S" yS" and °S;, .

Even if there is no explicit dependence on some amplitudes, this
fact does not mean that the orders used for the corresponding vari-
ables do not affect the result. In fact, the orders used for the other
variables change the solution of Eq. (17) which, therefore, affects
all the quantities.

5.2. In-plane stresses calculated using classical form of Hooke’s law
(CFHL)

Even if the formulation is based on a mixed approach, it is
possible to use CFHL (see Part I, Ref. [16]) to calculate the in-
plane stresses. If this approach is chosen, the stresses can be calcu-
lated as

(2008), doi:10.1016/j.compstruct.2008.07.012
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Layerwise theory I M 324

This example assumes two layers

[DOF] = Ny, +1 =4 = [DOF],
[DOFYt =N, +1 =3 = [DOF],

[DOF)t. = N.. +1 =5 = [DOF],_

= [DOF) «Ni=(Ni—1) =7
= [DOFY"

= [DOF)f_+N;—= (Ni-1) =9

N -Ni-1) =5

u

xl) t yP t zP t
_s [ -4 |
s [0] Iz, [ 0 | & RO
&' O] Q | 0] | O
Q| [0 ], | [0 Q|
Q| [0] [0 ] Q| |0
= o] i O
[ 0] 1 0 |
1 0 |
1 L0
Pressure amplitudes:
input of the problem
P b be zpb
[ 0 | _= 1 [ 1 0 |
s [0 ke [ 0 | & 0]
| [od o) [ 0 | = |
) [ 0] ] [ 0] S| o
Q [ 0 | Q| o]
= [o] | o
1 0 |
| 0 |
1 L3

Top pressures

Bottom pressures

In this example the following case is considered
(pressures applied at the top surface

of layer 2):

P} = 3cos 22X sin ==
- i X nny

P, = 5sin #7+ cos —

PL =-4sin 22X sin ==

In this example the following case is considered
(pressures applied at the bottom surface

of layer 1):

b _ MAX o3 Y
Py = 0.5cos #7+ sin —=
b _ o MAIX nmy
Py = 2sin#7= cos ==
P? = 3sin 22 sin 2>

Fig. 7. Case of theory LM;‘}?. Example of pressure amplitudes and inputs at multilayer level for the case in which the number of layers is two.

k _ mn kX xy 1k nmk y yryk
O = [_TCH Fo, *Us, =5 C15'Fa, Uy,

+Cly7Fs,, 2US, | SE™ST

Oz,
k _ mn k x Xk nm k y yiIk
O-yy - [_ a CIZ Fflux Uocux b C22 Fﬂuy Uacuy

ST, U ST

Oz,
o, = [+ Chs*Fa, "US, + 15 Ch/Fo, YUS, [Ci™ ™
The following can be observed:

e The stresses g%, and a’;y do not have explicit dependence on the
amplitudes XS’;}_ , 5’5’;5 and ZS’;S . This is a direct consequence of
the fact that the dis;y)lacemené—based formulas (the CFHL) have
been used.

e The stress ¢k, does not have explicit dependence on the ampli-
tudes U, , *S, .S, ~and “S; . This property was found also
when MFHL was used.

Calculating the in-plane stresses by using the classical form of
Hooke’s law (CFHL) instead of the mixed form of Hooke’s Law
(MFHL) is in theory not consistent because a mixed approach is
used. However, for a “converged” case using either MFHL or CFHL
is practically equivalent.

5.3. Out-of-plane stresses calculated using classical form of Hooke’s
law (CFHL)

The stresses o, ok, g%, can be calculated a priori by using Eq.

(31) (see in particular the last three expressions). However, it is
possible to use CFHL and calculate the stresses. If this procedure
is chosen then the following expressions are valid:

ok = E’és (U2Fy,,*Un,, +*Fa,, Uy, )Cq ™ Sy~
0¥, = Chy(U7F,, 2Uy,, +7Fy, YUy, )STCP™
ok, = —mEChF,, U, STS)™

— 1 ChVF,, YU, STSPY

ck z z mmx onmy
+C33 F“uz.z U\'Xuz Su Sb

(34)

Oy

Strictly speaking this approach is not consistent because the mixed
approach (RMVT) is used and the out-of-plane stresses are calcu-
lated a priori.

5.4. Out-of-plane stresses calculated by integrating the indefinite
equilibrium equations

The out-of-plane stresses can be obtained from the indefinite
equilibrium equations as follows:
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00xx 00yx 00z __
% + ay + oz

Oy | 00zy 00zy 00xy |, O0yy
v T =0= = +

0z 0z ox

00z _ _ [00xx 00yx
0:>azf (ax+ay>

0 sl

(35)

Txy
ox +

30y, | 90yz | 00, 0z _ _ (30x; | 00yz
ax+6y+8270:>627 ax+ﬁy

and integrating along the thickness of the plate. Two different options
are available for the calculation of the shear stresses o, and 7.

e Option #1.
The out-of-plane shear stresses are calculated by integrating the
derivatives of the in-plane stresses obtained by using CFHL. See
Egs. (35) and (33).

e Option #2.
The out-of-plane shear stresses are calculated by integrating the
derivatives of the in-plane stresses obtained by using MFHL. See
Egs. (35) and (32).

For the calculation of stress o, the following two methods can
be used:

e Method #1.
0, can be obtained by integrating the derivatives of the out-of-
plane shear stresses calculated using CFHL.

o Method #2.
0, can be obtained by integrating the derivatives of the out-of-
plane shear stresses calculated a priori using the stresses
amplitudes.

As for the integration of the indefinite equilibrium equations,
this work will use Option #1 for the out-of-plane shear stresses
and Method #1 for the stress o,,. In this case, then, the stresses
Ox, 0z and o, depend explicitly only on the displacement
amplitudes.

6. Conclusion

For the first time in the literature, the extension of the general-
ized unified formulation to the cases of mixed variational state-
ments (in particular Reissner’s mixed variational theorem) and
layerwise theories is presented. The displacements uy, uy, u, and
the stresses 0, 04, 0, are expanded along the thickness of each
layer by using Legendre polynomials. Each variable can be treated
separately from the others. This allows the writing, with a single
formal derivation and software, o® theories. The new methodol-
ogy allows the user to freely change the orders used for the expan-
sion of the unknowns and to experiment the best combination that
better approximates the structural problem under investigation.
The proposed approach for layerwise theories is very general and
allows to enforce a priori the compatibility of the displacements
and the equilibrium between two adjacent layers. These a priori
requirements are met by using a particular assembling procedure
from layer to multilayer level.

All the theories are generated by expanding 1 x 1 matrices (the
kernels of the generalized unified formulation), which are invariant
with respect to the theory. Thus, with only 13 matrices (the ker-
nels) oo® theories can be generated without difficulties.

The numerical performances and properties of mixed layerwise
theories and generalized unified formulation will be discussed in
Part V (see [22]) of the present work. In particular, the mixed lay-
erwise theories will be compared against mixed higher order the-
ories and mixed zig-zag theories. Several discussions on numerical
stability and the effect of the relative orders used for the stresses
and displacements will be discussed. It will be demonstrated that
the lessons learned in the layerwise case can be used to interpret
the numerical performances of the other types of theories.
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Appendix A. Expanded matrices at layer level

With the assumption of Navier-type solution and theory LM355,
the 13 independent matrices at layer level can be obtained by
expanding the corresponding kernels. The resulting matrices are
the following:

41 1 1 41
k p2 k :1" é 6 (13
G :hkﬂ:Z(C”b m? 4+ Cha?n?) | 1 +8 0 i -
Uy Uy azbz _% 0 +% +%
+5 —3 ts t3
k y +% _% “F%
ke _ (Co+Cohamnm? | =5 +5 —3 -
UxlUy ab 7% 0 +%
+: —3 +3
o = 38
L0 42 0 -2 0 0 (38)
, 141 410 0 0 -}
Ci,hmm |+1 -8 0 L1 0 0 4l
k k
%&ZJL——AJ e " a9
6 21 7 1
¢ 43 -4 0 0 0 -}
+1 1 41
i = (G’ Colmhr® | 3o (40)
Uyly a2b2 % ? %
+% -1 0 0 +%
Kﬁysy = +1 O ,2 0 7.1 (41)
-1 +10 0 -}
-1 41 419 00 _1
Ckhn‘r[ 3 2 6 &
Ko ==25—|+3 -3 0 44 0 0 + (42)
1 1 1 2
-5 +3 —§ 0 00 —3
+% *% *% 0 0 +%
-1 +§ O _1 0 1
h.mm 2 5 3 1
PO R R @3)
0 -5 0wy 00
+1 -1+ 0 0 +1
+% —é -1 01 +%
-5 +2 0 1 _1
hkl’lTC 2 5 5 3
Kuy =75 | -8 0 80 (44)
0 -10 +i#o0
+s —3 ts 0 43
I(ﬁzsz: 0 42 0 2.0 0 0 .
-1'y10 0 0 o0 -!
-3 +3 +5 O 0 -1
3 —3 0 45 0 4
+l 0 _1o 0 +l 1
K;,, = Cssh 6 21 7 6 46
SxSx 551tk 0 +% 0 % 0 0 ( )
0 0 +; 0 -—§0
- t3 -5 0 0 -3
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) 046 -111 0 018 0 0 046
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;i 0 0 013 0 -022 O 0
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5 8 (48) |-0.15 046 -015 0 0 0 -031]
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Now consider a numerical example - a plate consists of one layer,
with the following properties:
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012:}1 D13 2% U23 :%

=0

(49)
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Some of the matrices are numerically calculated and their expres-
sions are reported below:
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