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a b s t r a c t

The Generalized Unified Formulation was introduced in Part I in the case of plate theories based upon
Reissner’s Mixed Variational Theorem. Part II analyzed the case of layerwise theories.

In this work (Part III) the Generalized Unified Formulation is applied, for the first time in the literature,
to the case of mixed higher order shear deformation theories. The displacements ux, uy , uz have an equiv-
alent single layer description, whereas the stresses rzx , rzy, rzz have a layerwise description. The compat-
ibility of the displacements and the equilibrium of the transverse stresses between two adjacent layers
are enforced a priori. If the out-of-plane stresses are eliminated using the Static Condensation Technique
the resulting theories are formally identical to the displacement-based ‘‘classical” higher order shear
deformation theories. If the static condensation is not applied then a quasi-layerwise higher order theory
is obtained. 16 Mixed higher order shear deformation theories are therefore presented. All 16 theories
are generated by expanding thirteen 1� 1 invariant matrices (the kernels of the Generalized Unified For-
mulation). The kernels have the same formal expressions as the ones used for the layerwise theories ana-
lyzed in Part II. This makes the generation of the present mixed higher order shear deformation theories
particularly effective and easy to implement in a computer code.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

1.1. Higher order shear deformation theories: main concepts

Classical theories were originally developed for isotropic thin
plates (see [1–3]). The transverse shear and normal strains are con-
sidered negligible with respect to the other strains. Classical plate
theory (CPT) is based on the following displacement field:

uxðx; y; zÞ ¼ ux0ðx; yÞ � z
ouz0 ðx; yÞ

ox

uyðx; y; zÞ ¼ uy0
ðx; yÞ � z

ouz0 ðx; yÞ
oy

uzðx; y; zÞ ¼ uz0ðx; yÞ

ð1Þ

where ux0 , uy0
and uz0 are the displacements of points in the middle

plane of the plate. From Eq. (1) it is not difficult to demonstrate that
czx ¼ czy ¼ ezz ¼ 0. These classical approaches begin to fail when the
plate is considerably thick (tree-dimensional effects) or when local
effects are important (for example, with localized loads or change of
the geometry). In the case of composite structures (see Fig. 1) there
is the additional problem of correctly simulating of the transverse
ll rights reserved.
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anisotropy and transverse high deformability. Classical models are
thus inadequate.

These problems are alleviated if first order shear deformation
theories (FSDT) are used (see [4–7]). A possible FSDT has the fol-
lowing displacement field:

uxðx; y; zÞ ¼ ux0 ðx; yÞ þ z/ux
ðx; yÞ

uyðx; y; zÞ ¼ uy0
ðx; yÞ þ z/uy

ðx; yÞ
uzðx; y; zÞ ¼ uz0 ðx; yÞ

ð2Þ

From Eq. (2) it can be immediately deduced that the shear strains
czx and czy do not change in the thickness direction but are not zero,
as in CPT. However, ezz is still zero.

The displacement field can be improved if higher order terms are
added to the expansion of the variables. In such case we have the
higher order shear deformation theories (HSDT) (see [8–11]). A
possible HSDT is the following:

uxðx; y; zÞ ¼ ux0 ðx; yÞ þ z/1ux
ðx; yÞ þ z2/2ux

ðx; yÞ
uyðx; y; zÞ ¼ uy0

ðx; yÞ þ z/1uy
ðx; yÞ þ z2/2uy

ðx; yÞ
uzðx; y; zÞ ¼ uz0 ðx; yÞ

ð3Þ

In Eq. (3), czx and czy are not constant in the thickness direction but
ezz is zero. Many other improvements can be suggested. For exam-
ple, other terms can be added to the expansion of the out-of-plane
displacement uz; thus, the transverse normal strain is not zero. It is
based on the Generalized Unified Formulation. ..., Compos Struct
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also possible (see [12]) to use mixed variational statements and in-
clude, as unknowns, some of the stresses. This approach allows to
impose the equilibrium of the transverse stresses between two
adjacent layers a priori. Other improvements such as zig-zag theo-
ries (see review [13]) are discussed in Part IV of this work (see [14]).
Fig. 1. Multilayered st

Fig. 2. Acronyms used in the case of Reissner’s Mixed Variational Th

Please cite this article in press as: Demasi L, 16 Mixed plate theories
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1.2. What are the new contributions of this work

The Generalized Unified Formulation (GUF) introduced in refer-
ence [15] in the case of single-layer isotropic plates was extended
to the case of single-layer orthotropic plates in reference [16]. GUF
ructure: concepts.

eorem-based higher order shear deformation theories (RHSDT).

based on the Generalized Unified Formulation. ..., Compos Struct
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was then formulated for the case of Reissener’s Mixed Variational
Theorem (see references [17,18]) in Part I (reference [19]). GUF
was generalized to the case of layerwise theories (see reference
[20]). This work extends the Generalized Unified Formulation to
the case of RMVT-based higher order shear deformation theories.
Any combination of orders used for the expansion of the displace-
ments and out-of-plane stresses in the thickness direction is possi-
ble. Therefore, with this formalism 16 new mixed higher order
shear deformation theories are introduced for the first time in
the literature. All the theories are generated by expanding thirteen
fundamental invariant kernels which are the same as the ones
introduced in Part I and used in Part II in the case of layerwise
theories.

2. Theoretical derivation of ‘6 mixed equivalent single layer
theories

The derivation is started by considering a particular theory in
which the in-plane displacements are expanded along the thick-
ness by using a cubic polynomial and the out-of-plane displace-
ment uz is parabolic. In this case it is possible to write the
displacements as follows:
Fig. 3. Acronyms used in the case of Quasi-Layerwise Reissner’s Mixed Variat

Please cite this article in press as: Demasi L, 16 Mixed plate theories
(2008), doi:10.1016/j.compstruct.2008.07.011
Theory I :

ux ¼ ux0 þ z/1ux
þ z2/2ux

þ z3/3ux

uy ¼ uy0
þ z/1uy

þ z2/2uy
þ z3/3uy

uz ¼ uz0 þ z/1uz
þ z2/2uz

8>><
>>:

ð4Þ

For each displacement component the concepts of the Generalized
Unified Formulation (see Part I [19]) can be applied. For example,
the displacement ux is written as

ux ¼ ux0 þ z/1ux
þ z2/2ux

þ z3/3ux

¼ xFtuxt þ xF2ux2 þ xF3ux3 þ xFbuxb
ð5Þ

where

xFt ¼ 1; xF2 ¼ z; xF3 ¼ z2; xFb ¼ z3 uxt ¼ ux0 ;

ux2 ¼ /1ux
; ux3 ¼ /2ux

; uxb
¼ /3ux

ð6Þ

The GUF for the displacement ux is

ux ¼ xFaux
uxaux

aux ¼ t; l; b; l ¼ 2; . . . ;Nux ð7Þ

where, in the example, Nux ¼ 3. Notice that the superscript ‘‘x” in
xFaux

is used to clearly enhance that the displacement ux (displace-
ment in the x direction) is being considered. For the displacement uy
ional Teorem-based higher order shear deformation theories (QLRHSDT).

based on the Generalized Unified Formulation. ..., Compos Struct
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the formal procedure produces similar results (notice that now the
slave index is uy):

uy ¼ yFauy
uyauy

auy ¼ t;m; b; m ¼ 2; . . . ;Nuy ð8Þ

The displacement uz is only parabolic (three terms are used in the
expansion), but the representation is formally the same:

uz ¼ zFauz
uzauz

auz ¼ t;n; b; n ¼ 2; . . . ;Nuz ð9Þ

The following are observed:

� The superscript k is not present. In fact, in equivalent single layer
models the displacement fields have a description at plate level
and not at layerwise level.

� The Generalized Unified Formulation (Eqs. (7)–(9)) is formally
equivalent to the layerwise case (see Part I and Part II in refer-
ences [19,20]). The layerwise GUF is

uk
x ¼ xFaux

uk
xaux

aux ¼ t; l; b; l ¼ 2; . . . ;Nux

uk
y ¼ yFauy

uk
yauy

auy ¼ t;m; b; m ¼ 2; . . . ;Nuy

uk
z ¼ zFauz

uk
zauz

auz ¼ t;n; b; n ¼ 2; . . . ;Nuz

ð10Þ

The similarity between the equivalent single layer (ESL) and the lay-
erwise cases suggests that it is possible to use the layerwise Gener-
alized Unified Formulation for the ESL case too. That is, Eq. (10) can
be used for the equivalent single layer case. The fact that the displace-
ment field does not have a layerwise description (see, for example,
Theory I explicitly written in Eq. (4)) is taken into account when
the assembling in the thickness direction of the layer matrices is
considered.
Fig. 4. Generalized Unified Formulation: example of expansion from a kernel to a

Please cite this article in press as: Demasi L, 16 Mixed plate theories
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A mixed formulation is going to be used. That is, the modeled
unknowns are not just the displacements. Some of the stresses
are modeled as well. The continuity of the out-of-plane stresses
is enforced by using a layerwise description. This is not in contra-
diction with the fact that an equivalent single layer category of the-
ories is going to be developed. In fact, the stresses are eliminated by
using the Static Condensation Technique as explained in Part I (see
[19]). This operation is important when a FEM approach is consid-
ered. The static condensation at element level can reduce the CPU
time significantly. The following terminology is introduced here:

� Reissner’s Mixed Variational Theorem-based higher order shear
deformation theories (RHSDT)
These theories have an equivalent single layer description of the
displacement fields and a layerwise description of the out-of-
plane stresses. However, the stresses are eliminated using the
Static Condensation Technique (see Part I). Therefore, formally,
the theories have a final equivalent single layer description as
the ‘‘classical” displacement-based theories. This approach
gives, for example, a theory similar to Theory I in which the
stresses are formally not assumed (displacement-based theory).

� Quasi-Layerwise Reissner’s Mixed Variational Theorem-based
higher order shear deformation theories (QLRHSDT)
These theories have an equivalent single layer description of
the displacement fields and a layerwise description of the
out-of-plane stresses. The static condensation is not used.
Thus, this type of theories describes the displacements as in
the ESL approach and the stresses rxz, ryz, rzz as layerwise
quantities.
layer matrix. The case of theories EMC546
324 and QLMC546

324. From K
kaux bsz
ux sz to Kk

ux sz
.

based on the Generalized Unified Formulation. ..., Compos Struct
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A Navier-type solution will be considered in this paper. There-
fore, considering that the static condensation technique (SCT) is
applied at plate level, the difference between RHSDT and QLRHSDT
is practically only formal. The results will be coincident. In the FEM
codes this will not be true since the SCT will, conveniently, be ap-
plied at element level. The Generalized Unified Formulation valid
for both RHSDT and QLRHSDT is then the following (the simplified
notation for the stresses used is rk

xz ¼ sk
x , rk

yz ¼ sk
y, rk

zz ¼ sk
z ):

uk
x ¼ xFtuk

xt
þ xFluk

xl
þ xFbuk

xb
¼ xFaux

uk
xaux

aux ¼ t; l; b; l ¼ 2; . . . ;Nux

uk
y ¼ yFtuk

yt
þ yFmuk

ym
þ yFbuk

yb
¼ yFauy

uk
yauy

auy ¼ t;m; b; m ¼ 2; . . . ;Nuy

uk
z ¼ zFtuk

zt
þ zFnuk

zn
þ zFbuk

zb
¼ zFauz

uk
zauz

auz ¼ t;n; b; n ¼ 2; . . . ;Nuz

sk
x ¼ xF tsk

xt
þ xF psk

xp
þ xF bsk

xb
¼ xF asx

sk
xasx

asx ¼ t;p; b; p ¼ 2; . . . ;Nsx

sk
y ¼ yF tsk

yt
þ yF qsk

yq
þ yF bsk

yb
¼ yF asy

sk
yasy

asy ¼ t; q; b; q ¼ 2; . . . ;Nsy

sk
z ¼ zF tsk

zt
þ zF rsk

zr
þ zF bsk

zb
¼ zFasz

sk
zasz

asz ¼ t; r; b; r ¼ 2; . . . ;Nsz

ð11Þ
Fig. 5. Generalized Unified Formulation: example of assembling from layer matrices to

Please cite this article in press as: Demasi L, 16 Mixed plate theories
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The functions of the thickness coordinate are assumed to be of the
type 1 z z2 z3 . . .. This choice is made for ‘‘consistency” with the
usual approach used in the literature for equivalent single layer
models. However, the out-of-plane stresses are modeled as layer-
wise quantities. A combination of Legendre polynomials as ex-
plained in the layerwise models (see Part II, reference [20]) is
then used. In detail, the functions used in the expansions of the dis-
placements are:

xFt ¼ 1 yFt ¼ 1 zFt ¼ 1
xF2 ¼ z yF2 ¼ z zF2 ¼ z
xF3 ¼ z2 yF3 ¼ z2 zF3 ¼ z2

. . .

xFl ¼ zl�1 yFm ¼ zm�1 zFn ¼ zn�1

. . .
xFb ¼ zNux yFb ¼ zNuy zFb ¼ zNuz

ð12Þ

When a particular layer k is considered the z is contained in the
interval ½zbotk

; ztopk
�. That is,

zbotk
6 z 6 ztopk

ð13Þ

where zbotk
is the thickness coordinate of the bottom surface of layer

k and ztopk
is the thickness coordinate of the top surface of layer k.

The origin of the coordinate system is in the middle plane of the
plate (see Fig. 1 of reference [19]). For the out-of-plane stresses a
multilayer matrix. Case of theory EMC546
324 or QLMC546

324. From Kk
ux uy

and Kðkþ1Þ
ux uy

to Kux uy .

based on the Generalized Unified Formulation. ..., Compos Struct
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combination of Legendre polynomials is used. The polynomials are
defined in the interval [�1,+1]. Therefore, a transformation of coor-
dinate is required:

fk ¼
2

ztopk
� zbotk

z� ztopk
þ zbotk

ztopk
� zbotk

ð14Þ

z is measured from the middle plane of the plate. For example, con-
sider a plate with thickness h and two layers of equal thickness. In
this case when the top layer is considered ðk ¼ 2Þ it is possible to
write:

ztopk¼2
¼ h

2
zbotk¼2

¼ 0 ð15Þ

Similarly, for the bottom layer ðk ¼ 1Þ:

ztopk¼1
¼ 0 zbotk¼1

¼ � h
2

ð16Þ

In the example of a plate with two layers of equal thickness the
transformation of coordinate (Eq. 14) is

layer 1) fk¼1 ¼
4
h

zþ 1

layer 2) fk¼2 ¼
4
h

z� 1
ð17Þ

For the expansion of the stresses rxz ¼ sk
x , ryz ¼ sk

y and rzz ¼ sk
z the

functions used for the expansions along the thickness are the
following:

xF t ¼ yF t ¼ zF t ¼
P0 þ P1

2
; xF b ¼ yF b ¼ zF b ¼

P0 � P1

2
xF p ¼ Pp � Pp�2; p ¼ 2;3; . . . ;Nsx

yF q ¼ Pq � Pq�2; q ¼ 2;3; . . . ;Nsy

zF r ¼ Pr � Pr�2; r ¼ 2;3; . . . ;Nsz

ð18Þ
Fig. 6. Generalized Unified Formulation: example of assembling from layer matrices to

Please cite this article in press as: Demasi L, 16 Mixed plate theories
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where P0, P1, Pp, Pq, Pr are the Legendre polynomials of order 0, 1, p,
q and r respectively. More details on these polynomials can be
found in Part II (see reference [20]).

With combination of Legendre polynomials, the functions used
for the expansions of the stress variables have useful (for the
assembling in the thickness direction, see Part II) properties:

fk ¼

þ1; xF t;
yF t ;

zF t ¼ 1;
xF b;

yF b;
zF b ¼ 0; xF l;

yFm;
zFn ¼ 0;

�1; xF t;
yF t ;

zF t ¼ 0;
xF b;

yF b;
zF b ¼ 1; xF l;

yFm;
zFn ¼ 0:

8>>>><
>>>>:

ð19Þ

Reissner’s Mixed Variational Theorem-based higher order shear
deformation theories (RHSDT) will be indicated with acronyms
shown in Fig. 2.

The Quasi-Layerwise Reissner’s Mixed Variational Theorem-
based higher order shear deformation theories (QLRHSDT) will be
indicated with acronyms shown in Fig. 3.

In both RHSDT and QLRHSDT cases it is then possible to create a
class of theories by changing the order used for the displacements
and stresses. Suppose, for example, that a theory has the following
data: Nux ¼ 3, Nuy ¼ 2, Nuz ¼ 4, Nsx ¼ 5, Nsy ¼ 4, Nsz ¼ 6. The corre-
sponding RHSDT theory is indicated as EMC546

324. The first letter ‘‘E”
means ‘‘equivalent single layer” theory, the second letter ‘‘M”
means that a mixed variational statement is used (Reissner’s Vari-
ational Theorem) and the third letter ‘‘C” means that the continuity
of the out-of-plane stresses is enforced a priori. The subscripts are
the orders of the polynomials used for the displacements. The
superscripts are the orders of the Legendre polynomials used for
the out-of-plane stresses. In general, the acronym is then built as
follows: EMC

Nsx Nsy Nsz
Nux Nuy Nuz

.Similarly, with the same orders for displace-
ments and stresses it is possible to build QLRHSDT theories. These
theories are indicated with the acronyms QLMC

Nsx Nsy Nsz
Nux Nuy Nuz

. ‘‘Q” stands
for ‘‘Quasi” and ‘‘L” stands for ‘‘Layerwise”. In this paper there is no
numerical difference between a generic theory EMC

Nsx Nsy Nsz
Nux Nuy Nuz

and the
multilayer matrix. Case of theory EMC546
324 or QLMC546

324. From Kk
ux sz

and Kðkþ1Þ
ux sz

to Kux sz .

based on the Generalized Unified Formulation. ..., Compos Struct
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corresponding QLMC
Nsx Nsy Nsz
Nux Nuy Nuz

theory. The reason, as stated before, is
that the Static Condensation Technique is performed at plate level.
But when FEM applications are considered this is no longer true,
since it is convenient to perform the static condensation at element
level and so the continuity in the plane x–y of the out-of-plane
stresses is not enforced a priori.

2.1. Expansion of the matrices

This is the most important part of the generation of one of the
16 theories. This operation is done at layer level. To explain how
this operation is performed, consider theory EMC546

324 (theory
QLMC546

324 is equivalent at this point). When (see Part II, reference
[20]) layerwise theories were discussed the case of theory LM546

324

was analyzed. This is the reason why a case with the same orders
of expansion is considered. In the case of theory EMC546

324 the num-
ber of degrees of freedom (at layer level) is the following:

½DOF�kux
¼ Nux þ 1 ¼ 3þ 1 ¼ 4 ½DOF�kuy

¼ Nuy þ 1 ¼ 2þ 1 ¼ 3

½DOF�kuz
¼ Nuz þ 1 ¼ 4þ 1 ¼ 5 ½DOF�ksx

¼ Nsx þ 1 ¼ 5þ 1 ¼ 6

½DOF�ksy
¼ Nsy þ 1 ¼ 4þ 1 ¼ 5 ½DOF�ksz

¼ Nsz þ 1 ¼ 6þ 1 ¼ 7

ð20Þ
Fig. 7. Generalized Unified Formulation: example of assembling from layer matrices to

Please cite this article in press as: Demasi L, 16 Mixed plate theories
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From the number of degrees of freedom the size of the layer matri-
ces can be calculated. For example, when the matrix K

kaux bsz
uxsz is ex-

panded then the final size at layer level will be ½DOF�kux
� ½DOF�ksz

.
In the example relative to theory EMC546

324 the matrix K
kaux bsz
uxsz at layer

level (indicated as Kk
uxsz

) is obtained as explained in Fig. 4. It should
be noticed that at this point there is no difference between the case
of RHSDT and QLRHSDT: Fig. 4 is valid for both cases.

2.2. Assembling in the thickness direction

In addition to the compatibility of the displacements, the equilib-
rium between two adjacent layers implies that sk

xt
¼ sðkþ1Þ

xb
, sk

yt
¼ sðkþ1Þ

yb

and sk
zt
¼ sðkþ1Þ

zb
(see Fig. 4 in Part II). Therefore, the assembling must

consider this fact. Also, the displacement fields are treated as equiv-
alent single layers quantities, and this makes the assembling proce-
dure different with respect to the layerwise case seen in Part II.

Regarding thickness assembling, there can be different cases:

� Case 1
It involves only the displacement degrees of freedom. This is, for
example, the case when the multilayer matrix Kuxuy is generated.
The assembling must take into account the continuity of the dis-
placements and their ESL description (see Fig. 5).
multilayer matrix. Case of theory EMC546
324 or QLMC546

324. From Kk
sy sy

and Kðkþ1Þ
sy sy

to Ksysy .

based on the Generalized Unified Formulation. ..., Compos Struct
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� Case 2
It involves displacement and out-of-plane stress degrees of free-
dom. This is, for example, the case when the multilayer matrix
Kuxsz is generated. The assembling must take into account the
continuity of the displacements and their ESL description. In
addition, the equilibrium of the transverse stresses must be
enforced (see Fig. 6).

� Case 3
It involves only the out-of-plane stress degrees of freedom. This
is, for example, the case when the multilayer matrix Ksysy is gen-
erated. The assembling must take into account the equilibrium
of the transverse stresses (see Fig. 7). When only the out-of-
plane stress degrees of freedom are involved a pure layerwise
description is used. In fact, Fig. 7 is formally similar to Figure 5
of Part II (reference [20]) which is used in the layerwise case.

The pressure matrices are obtained from the pressure kernels
using the same formal method shown in Fig. 4. The sizes of the
layer matrices tDk

uxux
and bDk

uxux
are the same as the size of matrix

Kk
uxux

. Similarly, the sizes of the matrices tDk
uyuy

and bDk
uyuy

are the
same as the size of matrix Kk

uyuy
. Finally, the sizes of matrices

tDk
uzuz

and bDk
uzuz

are the same as the size of matrix Kk
uzuz

. The pres-
sures can be applied only at the top or bottom surfaces of the plate.
This means that the pressure matrices at layer level are calculated
only for k ¼ Nl and k ¼ 1, the top and bottom layers respectively. In
particular, tDk

uxux
, tDk

uyuy
and tDk

uzuz
are calculated only for k ¼ Nl (for

the other layers these matrices are set to be with only zeros). Sim-
ilarly, bDk

uxux
, bDk

uyuy
and bDk

uzuz
are calculated only for k ¼ 1 (for the

other layers these matrices are set to be with only zeros). The
assembling to multilayer level is then done as for the correspond-
ing matrices. For example, matrix tDuxux is built using the same pro-
cedure used for matrix Kuxux . About the pressure amplitudes, inputs
of the problem (see Fig. 8), the difference between this ESL case
Fig. 8. Case of theory EMC546
324 or QLMC546

324. Example of pressure amplitud

Please cite this article in press as: Demasi L, 16 Mixed plate theories
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and the corresponding layerwise case seen in Part II (reference
[20]) should be noted.

Fig. 9 shows the amplitude vectors for a particular case.
The pressure amplitudes at multilayer level are inputs of the

problem. Some input examples are shown in Fig. 8. Once the matri-
ces are all assembled, the system of equations becomes (see Part I
for details on the derivation):

Kuxux Kuxuy 0uxuz Kuxsx 0uxsy Kuxsz

Kuyuy 0uyuz 0uysx Kuysy Kuysz

0uzuz Kuzsx Kuzsy Kuzsz

Ksxsx 0sxsy 0sxsz

Symm Ksysy 0sysz

Kszsz

2
666666664

3
777777775
�

xU
yU
zU
xS
yS
zS

2
666666664

3
777777775
¼

xR
yR
zR
x0
y0
z0

2
666666664

3
777777775

ð21Þ

where

xR ¼ tDuxux � xPt þ bDuxux � xPb

yR ¼ tDuyuy � yPt þ bDuyuy � yPb

zR ¼ tDuzuz � zPt þ bDuzuz � zPb

ð22Þ

These expressions are formally the same as the ones encountered in
the layerwise case. This equivalence is another advantage of the
Generalized Unified Formulation.

3. Example: a multilayered plate

To show how the theories are created, consider a rectangular
multilayered plate with two layers. Let the thickness of the plate
be h. The bottom layer has thickness hk¼1 ¼ 4

7 h. The top layer has
thickness hk¼2 ¼ 3

7 h. How the matrices are generated from the ker-
nels of the Generalized Unified Formulation is shown. Consider the
es and inputs at multilayer level for the case in two-layered case.

based on the Generalized Unified Formulation. ..., Compos Struct
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top layer matrix Kk¼2
uxsz

. The kernel associated with this matrix at
layer level is the following (see Part I):

K
k¼2 aux bsz
uxsz ¼ �mp

a
Z

k¼2 aux bsz
13uxsz

¼ �mp
a

Ck¼2
13

Z ztopk¼2

zbotk¼2

xFaux
ðzÞzFasz

ðzÞdz ð23Þ

where zbotk¼2
is the z coordinate of the bottom surface of layer k ¼ 2

(top layer); ztopk¼2
is the z coordinate of the top surface of layer

k ¼ 2. The reference plane is the middle plane of the whole plate.
Thus, for the top layer:

zbotk¼2
¼ h

14
ztopk¼2

¼ h
2

ð24Þ

The expression of the kernel is then

K
k¼2 aux bsz
uxsz ¼ �mp

a
Ck¼2

13

Z h
2

h
14

xFaux
ðzÞ zFasz

ðzÞdz
h

14
6 z 6

h
2

ð25Þ

Consider again theory EMC546
324 and, in particular, the term in which

aux ¼ 3 and bsz
¼ 2. In this case Eq. (25) becomes:

Kk¼2 32
uxsz

¼ �mp
a

Ck¼2
13

Z h
2

h
14

xF3ðzÞ zF 2ðzÞdz ð26Þ

In practice it is more convenient to transform the variables (see Eq.
(14)) and numerically integrate using Gauss’s quadrature formula
(see reference [21]) in the interval [�1,+1]. However, since the goal
is to show the procedure, for simplicity the physical coordinate z is
used. It is the possible to write:

xF3ðzÞ ¼ z2 zF 2ðzÞ ¼ P2ðzÞ � P0ðzÞ ¼
3ðfk¼2Þ2 � 1

2
� 1

¼
3 2

ztopk¼2
�zbotk¼2

z� ztopk¼2
þzbotk¼2

ztopk¼2
�zbotk¼2

� �2

� 1

2
� 1 ð27Þ
Please cite this article in press as: Demasi L, 16 Mixed plate theories
(2008), doi:10.1016/j.compstruct.2008.07.011
Using Eq. (24)

xF3ðzÞ ¼ z2 zF 2ðzÞ ¼
7ðh� 14zÞðh� 2zÞ

6h2 ð28Þ

Substituting into Eq. (26):

Kk¼2 32
uxsz

¼ �mp
a

Ck¼2
13

Z h
2

h
14

z2 � 7 h� 14zð Þðh� 2zÞ
6h2 dz ¼ h3mp

a
Ck¼2

13
267

6860

ð29Þ
Using the same procedure, it is possible to demonstrate that the top
layer (with the above mentioned data) has matrices reported in
Appendix A.

The pressure matrices are obtained by using the definitions re-
ported in Part I. For example, for the top layer ðk ¼ 2Þ:

tD
k¼2 aux bux
uxux ¼ xFt

aux

xFt
bux
¼ xFaux

z ¼ þ h
2

� �
xFbux

z ¼ þ h
2

� �
ð30Þ

Therefore, the pressure matrices are the following:

tDk¼2
uxux
¼

1 h
2

h2

4
h3

8

h
2

h2

4
h3

8
h4

16

h2

4
h3

8
h4

16
h5

32

h3

8
h4

16
h5

32
h6

64

2
666664

3
777775

ð31Þ

tDk¼2
uyuy
¼

1 h
2

h2

4

h
2

h2

4
h3

8

h2

4
h3

8
h4

16

2
664

3
775 ð32Þ

tDk¼2
uzuz
¼

1 h
2

h2

4
h3

8
h4

16

h
2

h2

4
h3

8
h4

16
h5

32

h2

4
h3

8
h4

16
h5

32
h6

64

h3

8
h4

16
h5

32
h6

64
h7

128

h4

16
h5

32
h6

64
h7

128
h8

256

2
666666664

3
777777775

ð33Þ
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Now consider the first layer where k ¼ 1. The coordinates of the
bottom and top surfaces of the first layer are:

zbotk¼1
¼ � h

2
ztopk¼1

¼ h
14

ð34Þ

For brevity only the matrices Kk¼1
uxuy

, Kk¼1
uxsz

and Kk¼1
szsz

are presented
in Appendix B. To complete this example, consider a numerical
case. Suppose (numbers chosen only to create the numerical
example):

m ¼ 2; n ¼ 3; a ¼ 10; b ¼ 15 h ¼ 7 ð35Þ

Assume that the materials are the following:

Top layer

Ek¼2
11 ¼ 25 Ek¼2

22 ¼ 4 Ek¼2
33 ¼ 3

Gk¼2
12 ¼ 1

2 Gk¼2
13 ¼ 3

5 Gk¼2
23 ¼ 1

5

tk¼2
12 ¼ 1

4 tk¼2
13 ¼ 27

100 tk¼2
23 ¼ 29

100 hk¼2 ¼ 3
7 h

8>><
>>:

ð36Þ

Bottom layer

Ek¼1
11 ¼ 20 Ek¼1

22 ¼ 5 Ek¼1
33 ¼ 4

Gk¼1
12 ¼ 1

2 Gk¼1
13 ¼ 3

5 Gk¼1
23 ¼ 1

5

tk¼1
12 ¼ 1

4 tk¼1
13 ¼ 27

100 tk¼1
23 ¼ 29

100 hk¼1 ¼ 4
7 h

8>><
>>:

ð37Þ

# ¼ 0 is assumed for both layers. The numerical values for the
matrices Kk¼1

uxuy
, Kk¼1

uxsz
, Kk¼1

szsz
, Kk¼2

uxuy
, Kk¼2

uxsz
and Kk¼2

szsz
are reported in Appen-

dix C.

4. Conclusion

For the first time in the literature, the extension of the General-
ized Unified Formulation to the case of mixed variational state-
ments (in particular Reissner’s Mixed Variational Theorem) and
higher order shear deformation theories is presented.

The displacements, which have an equivalent single layer
description, are expanded along the thickness by using a Taylor
series. The stresses rzx, rzy and rzz, which have a layerwise descrip-
tion, are expanded along the thickness of each layer by using
Legendre polynomials. Each variable can be treated separately
from the others. This allows the writing, with a single formal der-
ivation and software, of16 mixed higher order shear deformation
theories. If the stresses are eliminated by using the Static Conden-
sation Technique the resulting theory is formally identical to a
‘‘classical” displacement-based higher order shear deformation
theory. If the stresses are not eliminated then a quasi-layerwise
model is obtained. The new methodology, based on the use of
the Generalized Unified Formulation, allows the user to freely
change the orders of the expansion of the unknowns and experi-
ment the best combination that better approximates the structural
problem under investigation. The compatibility of the displace-
ments and the equilibrium between two adjacent layers are en-
forced a priori.

All of the theories are generated by expanding 1� 1 matrices
(the kernels of the Generalized Unified Formulation), which are
invariant with respect to the theory. Thus, with only 13 matrices
(the kernels) 16 theories can be generated without difficulties.
These kernels are the same as the ones used in the layerwise case
discussed in Part II.

The numerical performances and properties of mixed higher or-
der theories will be discussed in Part V (see [22]) of the present
work. It will be shown that the relative orders used for the dis-
placements and stresses play a key role in the numerical stability
of the solution.
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Appendix A. Explicit form of the matrices for a particular case

This appendix shows some of the matrices for the top layer
ðk ¼ 2Þ of the structure described in Section 3. Theory EMC546

324 is
considered.

Kk¼2
uxux
¼

p2 Ck¼2
11 b2m2þCk¼2

66 a2n2
� �

a2b2

3
7h 6

49h2 57
1372h3 75

4802h4

6
49h2 57

1372h3 75
4802h4 8403

1344560h5

57
1372h3 75

4802h4 8403
1344560h5 2451

941192h6

75
4802h4 8403

1344560h5 2451
941192h6 411771

368947264h7

2
666664

3
777775

ð38Þ

Kk¼2
uxuy
¼

Ck¼2
12 þ Ck¼2

66

� �
mnp2

ab

3
7 h 6

49 h2 57
1372 h3

6
49 h2 57

1372 h3 75
4802 h4

57
1372 h3 75

4802 h4 8403
1344560 h5

75
4802 h4 8403

1344560 h5 2451
941192 h6

2
666664

3
777775

ð39Þ

Kk¼2
uxsx
¼

0 0 0 0 0 0
þ 3

14 h � 3
7 h 0 0 0 3

14 h

þ 15
98 h2 � 12

49 h2 � 3
49 h2 0 0 9

98 h2

þ 243
2744 h3 � 801

6860 h3 � 18
343 h3 � 27

3430 h3 0 99
2744 h3

2
66664

3
77775

ð40Þ

Kk¼2
uxsz
¼Ck¼2

13 mp
a

� 3
14h 3

7h 0 0 0 0 � 3
14h

� 15
196h2 6

49h2 3
98h2 0 0 0 � 9

196h2

� 81
2744h3 267

6860h3 6
343h3 9

3430h3 0 0 � 33
2744h3

� 2301
192080h4 321

24010h4 1089
134456h4 27

12005h4 81
336140h4 0 � 699

192080h4

2
666664

3
777775

ð41Þ

Kk¼2
uyuy
¼

Ck¼2
66 b2m2 þ Ck¼2

22 a2n2
� �

p2

a2b2

3
7 h 6

49 h2 57
1372 h3

6
49 h2 57

1372 h3 75
4802 h4

57
1372 h3 75

4802 h4 8403
1344560 h5

2
664

3
775
ð42Þ

Kk¼2
uysy
¼

0 0 0 0 0
3

14 h � 3
7 h 0 0 3

14 h
15
98 h2 � 12

49 h2 � 3
49 h2 0 9

98 h2

2
64

3
75 ð43Þ

Kk¼2
uysz
¼ Ck¼2

23 np
b

� 3
14 h 3

7 h 0 0 0 0 � 3
14 h

� 15
196 h2 6

49 h2 3
98 h2 0 0 0 � 9

196 h2

� 81
2744 h3 267

6860 h3 6
343 h3 9

3430 h3 0 0 � 33
2744 h3

2
64

3
75

ð44Þ

Kk¼2
uzsx
¼mp

a

3
14h �3

7h 0 0 0 3
14h

15
196h2 � 6

49h2 � 3
98h2 0 0 9

196h2

81
2744h3 � 267

6860h3 � 6
343h3 � 9

3430h3 0 33
2744h3

2301
192080h4 � 321

24010h4 � 1089
134456h4 � 27

12005h4 � 81
336140h4 699

192080h4

13539
2689120h5 � 45753

9411920h5 � 417
117649h5 � 459

336140h5 � 162
588245h5 3267

2689120h5

2
66666664

3
77777775

ð45Þ

Kk¼2
uzsy
¼ np

b

3
14 h �3

7 h 0 0 3
14 h

15
196 h2 � 6

49 h2 � 3
98 h2 0 9

196 h2

81
2744 h3 � 267

6860 h3 � 6
343 h3 � 9

3430 h3 33
2744 h3

2301
192080 h4 � 321

24010 h4 � 1089
134456 h4 � 27

12005 h4 699
192080 h4

13539
2689120 h5 � 45753

9411920 h5 � 417
117649 h5 � 459

336140 h5 3267
2689120 h5

2
666666664

3
777777775
ð46Þ
based on the Generalized Unified Formulation. ..., Compos Struct
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Kk¼2
uzsz
¼

0 0 0 0 0 0 0
3

14h �3
7h 0 0 0 0 3

14h

15
98h2 �12

49h2 � 3
49h2 0 0 0 9

98h2

243
2744h3 � 801

6860h3 � 18
343h3 � 27

3430h3 0 0 99
2744h3

2301
48020h4 � 642

12005h4 � 1089
33614h4 � 108

12005h4 � 81
84035h4 0 699

48020h4

2
6666666664

3
7777777775
ð47Þ

Kk¼2
sxsx
¼ Ck¼2

55 h

� 1
7 þ 3

14 þ 1
14 0 0 � 1

14

þ 3
14 � 18

35 0 þ 3
35 0 þ 3

14

þ 1
14 0 � 10

49 0 þ 3
49 � 1

14

0 þ 3
35 0 � 2

15 0 0

0 0 þ 3
49 0 � 54

539 0

� 1
14 þ 3

14 � 1
14 0 0 � 1

7

2
66666666664

3
77777777775

ð48Þ

Kk¼2
sysy
¼ Ck¼2

44 h

� 1
7 þ 3

14 þ 1
14 0 � 1

14

þ 3
14 � 18

35 0 þ 3
35 þ 3

14

þ 1
14 0 � 10

49 0 � 1
14

0 þ 3
35 0 � 2

15 0

� 1
14 þ 3

14 � 1
14 0 � 1

7

2
66666664

3
77777775

ð49Þ

Kk¼2
szsz
¼ Ck¼2

33 h

� 1
7 þ 3

14 þ 1
14 0 0 0 � 1

14

þ 3
14 � 18

35 0 þ 3
35 0 0 þ 3

14

þ 1
14 0 � 10

49 0 þ 3
49 0 � 1

14

0 þ 3
35 0 � 2

15 0 þ 1
21 0

0 0 þ 3
49 0 � 54

539 0 0

0 0 0 þ 1
21 0 � 22

273 0

� 1
14 þ 3

14 � 1
14 0 0 0 � 1

7

2
66666666666664

3
77777777777775

ð50Þ
Appendix B. Explicit form of the matrices for a particular case

This appendix shows some of the matrices for the bottom layer
ðk ¼ 1Þ of the structure described in Section 3. Theory EMC546

324 is
considered.

Kk¼1
uxuy
¼ ðC

k¼1
12 þ Ck¼1

66 Þmnp2

ab

þ 4
7 h � 6

49 h2 þ 43
1029 h3

� 6
49 h2 þ 43

1029 h3 � 75
4802 h4

þ 43
1029 h3 � 75

4802 h4 þ 2101
336140 h5

� 75
4802 h4 þ 2101

336140 h5 � 2451
941192 h6

2
666664

3
777775

ð51Þ

Kk¼1
uxsz
¼Ck¼1

13 mp
a

�2
7h þ4

7h 0 0 0 0 �2
7h

þ 5
147h2 � 6

49h2 þ 8
147h2 0 0 0 þ 13

147h2

� 19
2058h3 þ 61

1715h3 � 8
343h3 þ 32

5145h3 0 0 � 67
2058h3

þ 131
48020h4 � 279

24010h4 þ 158
16807h4 � 48

12005h4 64
84035h4 0 þ 619

48020h4

2
666664

3
777775

ð52Þ

Kk¼1
szsz
¼ Ck¼1

33 h

� 4
21 þ 2

7 þ 2
21 0 0 0 � 2

21

þ 2
7 � 24

35 0 þ 4
35 0 0 þ 2

7

þ 2
21 0 � 40

147 0 þ 4
49 0 � 2

21

0 þ 4
35 0 � 8

45 0 þ 4
63 0

0 0 þ 4
49 0 � 72

539 0 0
0 0 0 þ 4

63 0 � 88
819 0

� 2
21 þ 2

7 � 2
21 0 0 0 � 4

21

2
666666666664

3
777777777775

ð53Þ
Please cite this article in press as: Demasi L, 16 Mixed plate theories
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Appendix C. Numerical expressions for some matrices

This appendix shows some of the matrices for the top layer
ðk ¼ 2Þ and bottom layer of the structure described in Section 3.
Theory EMC546

324 is considered.

Kk¼1
uxuy
¼

2:79 �4:19 10:01
�4:19 10:01 �26:20
10:01 �26:20 73:40
�26:20 73:40 �214:07

2
6664

3
7775 ð54Þ

Kk¼1
uxsz
¼

�0:44 0:87 0 0 0 0 �0:44

0:36 �1:31 0:58 0 0 0 0:95

�0:69 2:67 �1:75 0:47 0 0 �2:44

1:43 �6:10 4:93 �2:10 0:40 0 6:77

2
66664

3
77775
ð55Þ

Kk¼1
szsz
¼

�0:30 0:45 0:15 0 0 0 �0:15

0:45 �1:09 0 0:18 0 0 0:45

0:15 0 �0:43 0 0:13 0 �0:15

0 0:18 0 �0:28 0 0:10 0

0 0 0:13 0 �0:21 0 0

0 0 0 0:10 0 �0:17 0

�0:15 0:45 �0:15 0 0 0 �0:30

2
6666666666664

3
7777777777775

ð56Þ

Kk¼2
uxuy
¼

1:79 3:58 8:50

3:58 8:50 22:36

8:50 22:36 62:62

22:36 62:62 182:65

2
66664

3
77775 ð57Þ

Kk¼2
uxsz
¼

�0:33 0:65 0 0 0 0 �0:33

�0:82 1:30 0:33 0 0 0 �0:49

�2:20 2:90 1:30 0:20 0 0 �0:90

�6:25 6:98 4:23 1:17 0:13 0 �1:90

2
66664

3
77775 ð58Þ

Kk¼2
szsz
¼

�0:31 0:46 0:15 0 0 0 �0:15

0:46 �1:11 0 0:18 0 0 0:46

0:15 0 �0:44 0 0:13 0 �0:15

0 0:18 0 �0:29 0 0:10 0

0 0 0:13 0 �0:22 0 0

0 0 0 0:10 0 �0:17 0

�0:15 0:46 �0:15 0 0 0 �0:31

2
6666666666664

3
7777777777775

ð59Þ
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