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ARTICLE INFO ABSTRACT
Keywords: The Generalized Unified Formulation was introduced in Part I in the case of plate theories based upon
ngeralized unified formulatfon Reissner’s Mixed Variational Theorem. Part II analyzed the case of layerwise theories.
"L‘ghe_f order shear deformation plate In this work (Part III) the Generalized Unified Formulation is applied, for the first time in the literature,
theories

to the case of mixed higher order shear deformation theories. The displacements u,, u,, u, have an equiv-
alent single layer description, whereas the stresses o, 0, 6;; have a layerwise description. The compat-
ibility of the displacements and the equilibrium of the transverse stresses between two adjacent layers
are enforced a priori. If the out-of-plane stresses are eliminated using the Static Condensation Technique
the resulting theories are formally identical to the displacement-based “classical” higher order shear
deformation theories. If the static condensation is not applied then a quasi-layerwise higher order theory
is obtained. oc® Mixed higher order shear deformation theories are therefore presented. All oc® theories
are generated by expanding thirteen 1 x 1 invariant matrices (the kernels of the Generalized Unified For-
mulation). The kernels have the same formal expressions as the ones used for the layerwise theories ana-
lyzed in Part II. This makes the generation of the present mixed higher order shear deformation theories
particularly effective and easy to implement in a computer code.

© 2008 Elsevier Ltd. All rights reserved.

Mixed formulation
Reissner’s Mixed Variational Theorem

1. Introduction anisotropy and transverse high deformability. Classical models are
thus inadequate.
1.1. Higher order shear deformation theories: main concepts These problems are alleviated if first order shear deformation
theories (FSDT) are used (see [4-7]). A possible FSDT has the fol-
Classical theories were originally developed for isotropic thin lowing displacement field:

plates (see [1-3]). The transverse shear and normal strains are con-

sidered negligible with respect to the other strains. Classical plate Us(X,¥,2) = Uxy (X, Y) + 2, (X, Y)

theory (CPT) is based on the following displacement field: Uy (X,y,2) = Uy, (X, y) + 2y, (X,Y) (2)
U, (X,Y,2) = Ug, (X,
1,(%,9,2) :uxn(x,y)—zauz"(x’w (*x,¥.2) 'o( y) ‘ ‘ .
ox From Eq. (2) it can be immediately deduced that the shear strains
Uy(x,y.2) = Uy, (X,y) — ZauzO *,) (1) 7 and y,, do not change in the thickness direction but are not zero,
' ' oy as in CPT. However, ¢, is still zero.
Uz(X,Y,2) = Uy (X,Y) The displacement field can be improved if higher order terms are

added to the expansion of the variables. In such case we have the

where uy,, u,, and u,, are the displacements of points in the middle higher order shear deformation theories (HSDT) (see [8-11]). A
plane of the plate. From Eq. (1) it is not difficult to demonstrate that possible HSDT is the following:

Vx = Vzy = &z = 0. These classical approaches begin to fail when the
plate is considerably thick (tree-dimensional effects) or when local Ux(X,Y,2) = Uy (X, Y) + 264, (X, Y) + sz’zux (*,5)

effects are important (for example, wi_th localized loads or change of Uy(X,Y,2) = Uy, (X,Y) + 21, (X,Y) + 2 2, (X,9) 3)
the geometry). In the case of composite structures (see Fig. 1) there Y Y
is the additional problem of correctly simulating of the transverse Uz(X,Y,2) = Uz (X, Y)

In Eq. (3), y,, and 7,, are not constant in the thickness direction but

&2 1S zero. Many other improvements can be suggested. For exam-

"% Tel: +1 619 594 3752; fax: +1 619 594 6005. ple, other terms can be added to the expansion of the out-of-plane
E-mail address: ldemasi@mail.sdsu.edu displacement u,; thus, the transverse normal strain is not zero. It is
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also possible (see [12]) to use mixed variational statements and in- 1.2. What are the new contributions of this work
clude, as unknowns, some of the stresses. This approach allows to
impose the equilibrium of the transverse stresses between two The Generalized Unified Formulation (GUF) introduced in refer-
adjacent layers a priori. Other improvements such as zig-zag theo- ence [15] in the case of single-layer isotropic plates was extended
ries (see review [13]) are discussed in Part IV of this work (see [14]). to the case of single-layer orthotropic plates in reference [16]. GUF
Multilayered structure The layers have, in general,
a different mechanical properties
Z (transverse anisotropy)
Layer 3
»> ,y
Layer 2
aye Composite plates are also
¢ transversely highly deformable structures
Layer 1 [

Fig. 1. Multilayered structure: concepts.

RMVT-based Higher order Shear Deformation Theories
RHSDT

Meaning of the acronym

E = Equivalent Single Layer

M = Mixed theory based on RMVT

C = Continuity of the out-of-plane
stresses enforced a priori

The out-of-plane stresses have a layerwise description.
However, the Static Condensation Technique
is used, so formally the theory is

a displacement-based Equivalent
Single Layer theory. All the stresses
are calculated a posteriori

Generalized Unified

Formulation Example: theory EMC 3%
chvasz Uy = Uy, + 201, (ESL description)
EMC N,,XN,,}.N,,Z Uy = Uy, +2¢1,, +2292, +2°93,, (ESL description)

uy — Order V,, (expansion along the thickness) T = iy - 2 (ESL description)
u, - Order N, (expansion along the thickness) o

;- OrderN,, (expans%on along the th%ckness) sk = P“gisi, + (P2 — Po)sk, + @SQ (LW description)
5% Order Ny, (expansion along the thickness)
s%— OrderN;, (expansion along the thickness)

5% OrderN, (expansion along the thickness) S|

k= "n;l’w sk + (P> — Po)sk, + @sf, (LW description)

= Lol gk + (Py — Po)sk, + (Ps — Pr)sk, + 255k (LW description)
Or
ul =Fuk + Fpuk, (The ESL description is replaced
k ZYF k4 IFuk 4 IFuk 4 SFuk by a LW despnptlon. The assembling
“y Wy, 2t 34ys bhy, along the thickness takes care of the true
uk ="Fuk, +~'Fgu’z‘2 +:F/,uff,, ESL description of the displacements)
sk ="Fsk +*Fosk, +*Fosk, (When the SCT i.S applied the out-of-plane
k =IFsk 40 F sk, + 7, sk, stresses are eliminated and calculated

o a posteriori)
sk ="Fish +Fask, ¥ Fssk, £ Fisk,

Or
uk = Fouba, o = bb
uf = YFo, tfa,, au =t,mb m=273 oAl -
nal form of the
k— z k — — A o .
uz = “Fo, ute,, a, =tnb n=2 Generalized Unified Formulation

x

Sk, a5, =t,pb p=2

> Feey S i, as, =t,q,b q=2
as, =t,nb r=273

G
[NESIEOASVES
Il

©

Fig. 2. Acronyms used in the case of Reissner’s Mixed Variational Theorem-based higher order shear deformation theories (RHSDT).
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was then formulated for the case of Reissener’s Mixed Variational
Theorem (see references [17,18]) in Part I (reference [19]). GUF
was generalized to the case of layerwise theories (see reference
[20]). This work extends the Generalized Unified Formulation to
the case of RMVT-based higher order shear deformation theories.
Any combination of orders used for the expansion of the displace-
ments and out-of-plane stresses in the thickness direction is possi-
ble. Therefore, with this formalism oc® new mixed higher order
shear deformation theories are introduced for the first time in
the literature. All the theories are generated by expanding thirteen
fundamental invariant kernels which are the same as the ones
introduced in Part I and used in Part II in the case of layerwise
theories.

2. Theoretical derivation of % mixed equivalent single layer
theories

The derivation is started by considering a particular theory in
which the in-plane displacements are expanded along the thick-
ness by using a cubic polynomial and the out-of-plane displace-
ment u, is parabolic. In this case it is possible to write the
displacements as follows:

Uy = ux[] + Z¢lux + sz’zux + Z3¢3ux
Uy = Uy, + 2y, +2Z2y, + 23,
Uy = Ugy +2¢1, +2°¢,

Theory I : (4)

For each displacement component the concepts of the Generalized
Unified Formulation (see Part I [19]) can be applied. For example,
the displacement u, is written as

2 3
Uy = Uy +2¢1, +2°¢s, +Z7¢3,

= *Fitty, +*Fally, +*F3ly, + " Fply, (3)
where
Fo=1;, *Fy=z; *F3=2% *Fy=2" Uy = Uy
Uy, = 1,5 Uy =g 5 Uy, = 3, (6)
The GUF for the displacement u, is
Uy ="Fo Ung,, Oy =t,1b; 1=2,... Ny (7)

where, in the example, N,, = 3. Notice that the superscript “x” in
*F,,, is used to clearly enhance that the displacement u, (displace-
ment in the x direction) is being considered. For the displacement u,

Quasi Layerwise RMVT-based Higher order Shear Deformation Theories
QLRHSDT

Generalized Unified

Meaning of the acronym

OL = Quasi-Layerwise

M = Mixed theory based on RMVT

C = Continuity of the out-of-plane
stresses enforced a priori

The out-of-plane stresses have a Layerwise description.
The displacements have an Equivalent
Single Layer description. Only the in-plane
stresses are calculated a posteriori

: . 223
Formulation Example: theory QLMC 133
QL C NsxNsyNs; Uy = U, + 201, (ESL description)
M NuxNuyNug Uy = tlyy + 21, +2°¢2,, +23¢s,  (ESL description)
u, - Order /V,, (expansion along the thickness) +2¢ ' 2% ESL descripti
Uz = Uz + 201, +2°¢2,,
uy - Order V,, (expansion along the thickness) ! e 2 ( escription)
;- OrderV,,, (expansion along the thickness) sk = /’u;/’w sk + (P2 — Po)sk, + M&Iéh (LW description)
5% Order N, (expansion along the thickness) i P ]:[,‘ s ‘A P;P] . LW descrinti
s%— OrderV;, (expansion along the thickness) sy = =58y, + (Pa = Po)sy, + =5y, (LW description)
5% OrderV;, (expansion along the thickness) sk = L;P‘ sk + (P2 — Po)sk, + (Ps — Py)sk, + —P“;P‘ s% (LW description)

©

©

uk ="Fuk +Fpuk,

uk =VFuk, + Foul, + Fsul, + Fyuk,
uk =Fuk +:Fouk, +°Fpul,

sk ="Fisk +*Fsk, +Fpsk,

sk =VFsk +YFosk, +'Fpsk,

sk ="Fisk +Fosk, ¥ Fask, +°Fpsk,

Or

= "Fo, Uk, o, =tb
= Fo, Ufa,, @ =t,mb m=2,3 )

B i Final form of the
= Fo,ute, an, =tnb n=2 Generalized Unified Formulation
= "Fa,Ska s, =t,pb p=2
= “-7':1\‘ s w"a\, as, =t,q,b q=2
= T Sk, as. =tnb r=23

Or

(The ESL description is replaced

by a LW description. The assembling
along the thickness takes care of the true
ESL description of the displacements)

Fig. 3. Acronyms used in the case of Quasi-Layerwise Reissner’s Mixed Variational Teorem-based higher order shear deformation theories (QLRHSDT).
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the formal procedure produces similar results (notice that now the
slave index is uy):

Uy :yFocuyuyocuy Oy, =t,mb; m=2,... Ny (8)

The displacement u, is only parabolic (three terms are used in the
expansion), but the representation is formally the same:

uZ:ZFo(uZulauz O(uz :t>nab; n:27"‘>Nllz (9)

The following are observed:

e The superscript k is not present. In fact, in equivalent single layer
models the displacement fields have a description at plate level
and not at layerwise level.

e The Generalized Unified Formulation (Egs. (7)-(9)) is formally
equivalent to the layerwise case (see Part I and Part II in refer-
ences [19,20]). The layerwise GUF is

uk =*F, uk o, =t Lb; 1=2,... N,

Oluy X0y

uy = yFauyu’;iuy oy, =t,mb; m=2,... Ny (10)

k
=*Fy, U oy, =t,n,b; n=2,...,Ny

20,

Ix

k

u;

z

The similarity between the equivalent single layer (ESL) and the lay-
erwise cases suggests that it is possible to use the layerwise Gener-
alized Unified Formulation for the ESL case too. That is, Eq. (10) can
be used for the equivalent single layer case. The fact that the displace-
ment field does not have a layerwise description (see, for example,
Theory I explicitly written in Eq. (4)) is taken into account when
the assembling in the thickness direction of the layer matrices is
considered.

A mixed formulation is going to be used. That is, the modeled
unknowns are not just the displacements. Some of the stresses
are modeled as well. The continuity of the out-of-plane stresses
is enforced by using a layerwise description. This is not in contra-
diction with the fact that an equivalent single layer category of the-
ories is going to be developed. In fact, the stresses are eliminated by
using the Static Condensation Technique as explained in Part I (see
[19]). This operation is important when a FEM approach is consid-
ered. The static condensation at element level can reduce the CPU
time significantly. The following terminology is introduced here:

e Reissner’s Mixed Variational Theorem-based higher order shear
deformation theories (RHSDT)
These theories have an equivalent single layer description of the
displacement fields and a layerwise description of the out-of-
plane stresses. However, the stresses are eliminated using the
Static Condensation Technique (see Part I). Therefore, formally,
the theories have a final equivalent single layer description as
the “classical” displacement-based theories. This approach
gives, for example, a theory similar to Theory I in which the
stresses are formally not assumed (displacement-based theory).

e Quasi-Layerwise Reissner’s Mixed Variational Theorem-based
higher order shear deformation theories (QLRHSDT)
These theories have an equivalent single layer description of
the displacement fields and a layerwise description of the
out-of-plane stresses. The static condensation is not used.
Thus, this type of theories describes the displacements as in
the ESL approach and the stresses oy, 0,,, 0, as layerwise
quantities.

RHSDT EMC33S or QuRHSDT QLM C 335

ay, =t,L,b 1 =23
Bs. =t,nb r=2,345,6

[DOF]S =Ny +1=4

[DOF)f =N, +1=1

Oy, =1 Oy, =1
B =1 Bs. =D
K K%
UxSz X9z
(Ix1) (Ix1)
oy, =1 Oy, =1
ﬂ5: =2 ﬁés =0
K2, oo K
’ w =1 s
(Ix1) "y o5 (xD)
ke i @D
UxSz Bs: =
(1x1) % )
(Ix1)
ktt kt2 ki3 kt6 ktb
KMXSZ Kuxsz KMsz % @ Kux;z Kusz
k2t k22 k23 k24 k25 k26 k2b
k —_— Kuxs; Kuxsz Kusz Kusz Kuxsz KuxS)z Kuxsz
UxSz i3 432 433 134 135 kK36 13t
([D()F]A « [DOF]/‘ ) Kux_lsz Kusz Kusz Kuxsz Kuxsz Kuxsz KMXS)Z
kbt kb2 kb3 kb4 kb5 kb6 kbb
Kusz Ku;Sz Kuxsz KUsz Kuxsz Ku;Sz Ku;Sz

Expanded matrix (layer level)

Koty s

Fig. 4. Generalized Unified Formulation: example of expansion from a kernel to a layer matrix. The case of theories EMC3,5 and QLMC335. From Ky to K .
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A Navier-type solution will be considered in this paper. There-
fore, considering that the static condensation technique (SCT) is
applied at plate level, the difference between RHSDT and QLRHSDT
is practically only formal. The results will be coincident. In the FEM
codes this will not be true since the SCT will, conveniently, be ap-
plied at element level. The Generalized Unified Formulation valid
for both RHSDT and QLRHSDT is then the following (the simplified
notation for the stresses used is a%, = sk, o, = sk, ¥, = sf):

uf ="Foul +Fuf + Foul ="Fy uf,

Ocux:t7l>b; 1:27"'7Nux

uk =YFuk 1 YFuk 1 YFuk =YF, uk

y Sy, m&y, by, Sy yoty,

oy, =t,mb; m=2,... N,

up = "Feuty +Foltf, +7Fputf, = °Fy ul,

auz:t7n7b; n:27“'7NU1 (11)
k _ x k X k X k _ x k

Sx ="FiSy, + FpSy, + FpSy ="Foy Sy,

OCSX:tvp?b; p:21"'7N5x

k _y k y k y k _y k
Sy =YFS; A+ F Sy, Y FoSy, =" Fu S
O"'Sy:t7q7b; q:27vN

Sy
S’(*Z]:Sk +Z]_—Sl< +Zfsk —ZF Sk
z — 9z, oz, boz, = sz 9 z0r5,
as, =t,r,b; r=2,... N,

The functions of the thickness coordinate are assumed to be of the
type 1z 2?2 Z*.... This choice is made for “consistency” with the
usual approach used in the literature for equivalent single layer
models. However, the out-of-plane stresses are modeled as layer-
wise quantities. A combination of Legendre polynomials as ex-
plained in the layerwise models (see Part II, reference [20]) is
then used. In detail, the functions used in the expansions of the dis-
placements are:

*Fe=1 YFe=1 *F, =1
XF2:Z szZZ ZF2:Z
XF3 222 'yF3 222 ZF3 :ZZ
(12)
XFI _ Zl—l yI:m _ Zm—l an _ Zn—l

*Fp =2V YF, =zM ?F, =2z

When a particular layer k is considered the z is contained in the
interval [Zpo, , Ziop, ). That is,

Zvot, < Z < Ziop, (13)

where zy, is the thickness coordinate of the bottom surface of layer
k and zp, is the thickness coordinate of the top surface of layer k.
The origin of the coordinate system is in the middle plane of the
plate (see Fig. 1 of reference [19]). For the out-of-plane stresses a

RHSDT EMC g‘z‘g or QLRHSDT QLM C 332

[DOF]S =N, +1=4

If we have N, layers, the number of
Degrees of Freedom is obtained
as follows:

[DOF], = [DOF]% (ESL description!)
[DOF]uy = [DOF]I;y (ESL description!)

Two layers are assumed in this example.
So we have [DOF], =4 [DOF], =3

Uy

K &

Uxlly

k1)t k+1)12 k+1)tb
K(M)rlly)[ thuy) Kl(l,\uy)

1)2 k+1)22 k+1)2b
K™ K™ KD

Uxly
k+1)3t k+1)32 k+1)3b
K& KED? KEY

k+1)b k+1)b2 k+1)bb
Kglxuv) ! thuy)) K Dee

Uty

Kuxuy

([DOF], x[DOF], )

[DOF)t =N, +1=3

Layers have different thicknesses
and material properties. So the
matrices are different

K% # K,

Uy

k
Kuxuy

kit kt2 ktb
Kuxu,,- Ku,u, Kuxu),

k2t k22 k2b
K“X Uy K Uity Kuv‘ Uy

k3t 32 3h
Kuxuy Kﬁxuy Kﬁiuy
kit b2
Ki, Kivi, K

Compatibility is imposed

KED kY, KEpe K, KEDUKE
KD 4 g2 KED2 4 KR K02 KR
KEDY 4R, KEDRD, KGR,
KKl KEDPRES  KEDeRED

Fig. 5. Generalized Unified Formulation: example of assembling from layer matrices to multilayer matrix. Case of theory EMCjas or QLMC335. From K*

and K1V to Ky,

Uxlly Uxly
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combination of Legendre polynomials is used. The polynomials are
defined in the interval [—1,+1]. Therefore, a transformation of coor-
dinate is required:

. 2 7 _ Ztopk + Zbotk
Ztopk - Zbotk

Ck (14)

Ztopk - Zbotk

z is measured from the middle plane of the plate. For example, con-
sider a plate with thickness h and two layers of equal thickness. In
this case when the top layer is considered (k = 2) it is possible to
write:

Ziop, = 2 Zbot_, = 0 (15)
Similarly, for the bottom layer (k = 1):

h
Ztopk:1 =0 Zbutkzl = _E (16)

In the example of a plate with two layers of equal thickness the
transformation of coordinate (Eq. 14) is

layer 1 = (1 = %Z+ 1

i (17)
layer 2 = (4, = EZ -1
For the expansion of the stresses g, = s, 6,, = s and 7., = s¥ the
functions used for the expansions along the thickness are the
following:

Py + P Po—P
X]:p:Pp— p—25 p:2a37“‘7N5X (18)
y]:q:Pq—Pq,z, q:2’3$"'7N5y

Zfr:Pr—P,—fz, r:2~,37"'7N5z

where Py, Py, Py, Pq, P; are the Legendre polynomials of order 0, 1, p,
q and r respectively. More details on these polynomials can be
found in Part II (see reference [20]).

With combination of Legendre polynomials, the functions used
for the expansions of the stress variables have useful (for the
assembling in the thickness direction, see Part II) properties:

+1, Fe Y Fe A Fe=1,
X-7:b~,y-7:bsz-7:b:07 Xf17y-7:m7z-7:n:07
o= (19)
—1, Xft,y]:t,zft:o,
*Fo Y Fp, 2 Fp =1, *F1,YFm,2Fn=0.

Reissner’s Mixed Variational Theorem-based higher order shear
deformation theories (RHSDT) will be indicated with acronyms
shown in Fig. 2.

The Quasi-Layerwise Reissner’'s Mixed Variational Theorem-
based higher order shear deformation theories (QLRHSDT) will be
indicated with acronyms shown in Fig. 3.

In both RHSDT and QLRHSDT cases it is then possible to create a
class of theories by changing the order used for the displacements
and stresses. Suppose, for example, that a theory has the following
data: Ny, =3, Ny, =2, Ny, =4, N;, =5, N;, = 4, N;, = 6. The corre-
sponding RHSDT theory is indicated as EMCys. The first letter “E”
means “equivalent single layer” theory, the second letter “M”
means that a mixed variational statement is used (Reissner’s Vari-
ational Theorem) and the third letter “C” means that the continuity
of the out-of-plane stresses is enforced a priori. The subscripts are
the orders of the polynomials used for the displacements. The
superscripts are the orders of the Legendre polynomials used for
the out-of-plane stresses. In general, the acronym is then built as
follows: EMCﬁi*’,Y,‘jNNS: .Similarly, with the same orders for displace-
ments and stresses it is possible to build QLRHSDT theories. These
theories are indicated with the acronyms QLMCZ’Z*'E{ A,’Jj . “Q” stands
for “Quasi” and “L” stands for “Layerwise”. In thisxpgpér there is no
numerical difference between a generic theory EMCZZXXZZ’;LS; and the

RHSDT EMC355 or QLRHSDT QLM C 33§

[DOF]; =N, +1=4

[DOF]S = Ne.+1=1

If we have N; layers, the number of
Degrees of Freedom is obtained
as follows:

[DOF], = [DOF)! (ESL description!)
[DOF], = [DOF]% +Ni—(N;-1)

Two layers are assumed in this example.
So we have [DOF], =4 [DOF]_=13

ux

Layers have different thicknesses
and material properties. So the
matrices are different

K”(ll;:zl) i Kl]fxsz

Ux

Kb(tk+1)

xSz

K UxSz

([DOF], x

Equilibrium and compatibility

[DOF], )

Sz

k
Kuxs z

/ are imposed

UxSz

UxSz

2 3 5 i K12 k3 Kt kS Kt6 kit
K{he glabe geihs gibe gEhe geibe | glebe + k| K%, K, KL KIS Kl KR
K20 g2 g2 g4 K25 g 26] RO | k2
2 33 ek 3 132
K{ED RGP KEDS KED KEDS KEDOIKED? 1+ KiK.

b2 b3 +1)bA k+1)b5 b +1)bb kb kb2
KISDm KPR KD K KIS ik KD+ KW | K2

k22 %23 k24 k25 k26 k2b

Uz Kis. K. Kis. Kis. Kz, K23,
k33 k34 k35 k36 k3b

KMXSZ KMIS: KM:.VZ Kl/\rS’z Ku;sl
kb3 kb4 kb5 kb6 kbt

Kis.  Kis.  Kus  Kis.o  Kis.

Fig. 6. Generalized Unified Formulation: example of assembling from layer matrices to multilayer matrix. Case of theory EMC3as or QLMCas. From K*

and KV to Ky,

UxSz UxSz

(2008), doi:10.1016/j.compstruct.2008.07.011
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corresponding QLMCﬁL”I;J,‘y’XjZ theory. The reason, as stated before, is

that the Static Condensation Technique is performed at plate level.
But when FEM applications are considered this is no longer true,
since it is convenient to perform the static condensation at element
level and so the continuity in the plane x-y of the out-of-plane
stresses is not enforced a priori.

2.1. Expansion of the matrices

This is the most important part of the generation of one of the
oo® theories. This operation is done at layer level. To explain how
this operation is performed, consider theory EMC3; (theory
QLMC33§ is equivalent at this point). When (see Part II, reference
[20]) layerwise theories were discussed the case of theory LM3s
was analyzed. This is the reason why a case with the same orders
of expansion is considered. In the case of theory EMC3,5 the num-

ber of degrees of freedom (at layer level) is the following:
[DOFJ;, =Ny, +1=3+1=4 [DOF|{ =N, +1=2+1=3
[DOF|, =Ny, +1=4+1=5 [DOF =N, +1=5+1=6
[DOFlg =Ny, +1=4+1=5 [DOF|g =N;, +1=6+1=7

(20)

From the number of degrees of freedom the size of the layer matri-
ces can be calculated. For example, when the matrix Kufs“j”‘Z is ex-
panded then the final size at layer level will be [DOF]U [DOF]fZ.
In the example relative to theory EMC35s the matrix Kuf;‘j”sz at layer
level (indicated as K';XsZ) is obtained as explained in Fig. 4. It should
be noticed that at this point there is no difference between the case

of RHSDT and QLRHSDT: Fig. 4 is valid for both cases.
2.2. Assembling in the thickness direction

In addition to the compatibility of the displacements, the equilib-
rium between two adjacent layers implies that st = = s, sk = sy
and s“ s§"“ (see Fig. 4 in Part II). Therefore, the assembllng must
consider this fact. Also, the displacement fields are treated as equiv-
alent single layers quantities, and this makes the assembling proce-
dure different with respect to the layerwise case seen in Part II.

Regarding thickness assembling, there can be different cases:

e Case 1
It involves only the displacement degrees of freedom. This is, for
example, the case when the multilayer matrix K., is generated.
The assembling must take into account the continuity of the dis-
placements and their ESL description (see Fig. 5).

RHSDT EMC335 or QLRHSDT OLMC 33
[DOF]S = Ny, +1 =5

If we have N; layers, the number of
Degrees of Freedom is obtained

as follows:
[DOF), = [DOF]! -Ni—(N/—1)

Two layers are assumed in this example.
So we have [DOF]S), =

K

(tpoF],,

K&D

Sy Sy

SySy
x [DOF],, )

Layers have different thicknesses
and material properties. So the
matrices are different

S(k+1) + Ksy

Equilibrium is imposed

Fig. 7. Generalized Unified Formulation: example of assembling from layer matrices to multilayer matrix. Case of theory EMCjas or QLMC3as. From KX

Kk

ySy

KD KED® KEDS KEDS KED® / o 0 0 0
KD KED? KED? KED KED 0 0 0 0
KED KED? KEDS KGO KGO 0 0 0 0
Kﬁ-’i.ﬁ}“’ Kg/;4;j)4z K(s/j;)ms K(S/i:}l‘w K(slf-;,l)% 0 0 0 0
K{eDbe K002 gETDES gDb4 LRS00 KRN KBS, KBS, KES,  KES,
o 0o 0 0 K&, KS KGO KK
0 0 0 0 KB K82 KBS KR KBl
0 0 0 0 T ) ST S S
0 0 0 0 K K& K& KRG KED

546

and K7V to Ky,s,.

SySy
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e Case 2
It involves displacement and out-of-plane stress degrees of free-
dom. This is, for example, the case when the multilayer matrix
K., is generated. The assembling must take into account the
continuity of the displacements and their ESL description. In
addition, the equilibrium of the transverse stresses must be
enforced (see Fig. 6).
e Case 3
It involves only the out-of-plane stress degrees of freedom. This
is, for example, the case when the multilayer matrix Ky, is gen-
erated. The assembling must take into account the equilibrium
of the transverse stresses (see Fig. 7). When only the out-of-
plane stress degrees of freedom are involved a pure layerwise
description is used. In fact, Fig. 7 is formally similar to Figure 5
of Part II (reference [20]) which is used in the layerwise case.

The pressure matrices are obtained from the pressure kernels
using the same formal method shown in Fig. 4. The sizes of the
layer matrices fojX“x and ”Dﬁxux are the same as the size of matrix
K .. Similarly, the sizes of the matrices ‘D , and °Dy , are the
same as the size of matrix l(’,jyuy. Finally, the sizes of matrices
‘Dﬁzuz and bD’LquZ are the same as the size of matrix l(ﬁzuz. The pres-
sures can be applied only at the top or bottom surfaces of the plate.
This means that the pressure matrices at layer level are calculated
only for k = N; and k = 1, the top and bottom layers respectively. In
particular, ‘Dj , , ‘Dj , and ‘D, are calculated only for k = N, (for
the other layers these matrices are set to be with only zeros). Sim-
ilarly, ’Df . "Dy, and *Dy , are calculated only for k = 1 (for the
other layers these matrices are set to be with only zeros). The
assembling to multilayer level is then done as for the correspond-
ing matrices. For example, matrix ‘D,,, is built using the same pro-
cedure used for matrix K, ,, . About the pressure amplitudes, inputs

of the problem (see Fig. 8), the difference between this ESL case

and the corresponding layerwise case seen in Part Il (reference
[20]) should be noted.

Fig. 9 shows the amplitude vectors for a particular case.

The pressure amplitudes at multilayer level are inputs of the
problem. Some input examples are shown in Fig. 8. Once the matri-
ces are all assembled, the system of equations becomes (see Part I
for details on the derivation):

Kiuw Kiw Oy Kis Ous, Kis, 1 [U R
Kiu, Ouu Ous Kis Kis | [YU YR
0u, Kis Kis, Kio| |[7U R
Kis, Oy, O | [*S| |0
Symm K5, O, 'S Y0
K. | LS 0
(21)
where
‘R = Dy, - *P* + D, - *P?
VR =Dy, - P + Dy, VP (22)

¢ b
R = 'D,,,, - ’P* +°D,,,, - 2P
These expressions are formally the same as the ones encountered in

the layerwise case. This equivalence is another advantage of the
Generalized Unified Formulation.

3. Example: a multilayered plate

To show how the theories are created, consider a rectangular
multilayered plate with two layers. Let the thickness of the plate
be h. The bottom layer has thickness hi_; =%h. The top layer has
thickness hy_, = 2h. How the matrices are generated from the ker-
nels of the Generalized Unified Formulation is shown. Consider the

RHSDT EMC35 or QLRHSDT QLM C 335

In this example two layers are assumed

Uy

[DOF], = [DOF)t = Ny, +1 =4
[DOF], = [DOF]} = Ny +1 =3

[DOF], = [DOF]t = Ny, +1 =5

} th 2 P t th

$ s
5| s | 0 T | [
S| ] | o] S | [
S| [ S | o]
= | o]

Pressure amplitudes:

input of the problem
xp b . P b Zpb
% [0 ] S | [0] & |
S [0 | Q | [o] S| [
= [0 ] S| [
— 1 [0]

546 546

Top pressures

Bottom pressures

In this example the following case is
considered (pressures applied at the
top surface of layer 2):

. nr.
P. = 3cos 2 gin —%

b

¢ 110 X nry
P, = 5sin #7= cos —
. . &

PL =-4sin 22x sin ==

In this example the following case is
considered (pressures applied at the
bottom surface of layer 1):

. y/4
PY = 0.5c0s 22* sin =

P} = 2sin 2= cos 2%
P! = 3sin 22 gin 2=

Fig. 8. Case of theory EMC3;, or QLMC3;,. Example of pressure amplitudes and inputs at multilayer level for the case in two-layered case.
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RHSDT EMC33S or QLRHSDT OLMC 46
324 324
In this example two layers are assumed
[DOF], = [DOF]t =Ny, +1 =4 [DOF)f = Ni, +1 =6 = [DOF],_=[DOF] +N;- (V- 1) = 11
[DOF], = [DOFIf = N,y +1 =3 [DOFJ; = Ny, +1 =35 = [DOF], = [DOF]% -N;—-(Ni-1) =9
[DOF], = [DOF]f = N +1 =5 [DOF)f. = Ni. +1 =7 = [DOF],_ = [DOF]: -N;- (N;-1) = 13
Unknown Unknown
displacement amplitudes out-of-plane stress amplitudes
(layerwise description)
XU yU ZU «‘S(Hl)i )S(Hl) S :S(/‘”)Zi
E ——] ——Fe ]
E E 1 r§k =rg D 1
3k —xg () ‘ - ]
Equivalent Single Layer description | Sf =8yt
of the displacement fields | Y L
[e
xSIl)c -._ | |
In the case of RHSDT the Sk
out-of-plane stresses are eliminated -
by using the Static Condensation
Technique (SCT) and are calculated a posteriori.
In the case of QLRHSDT SCT is not used and
the out-of-plane stresses are calculated a priori
Fig. 9. Case of theories EMC3as and QLMC3a5. Multilayer unknown displacements and out-of-plane vectors in two-layered case.
top layer matrix K. The kernel associated with this matrix at ~ Using Eq. (24)
layer level is the following (see Part I): 7(h —14z)(h — 2z
*F3(2) =2 Fy(2) = 7h-142)(h - 22) )2( ) (28)
KI(:Z dug s, _ _m_TE k=2 ouy B, 6h
thez a "1 . Substituting into Eq. (26):
mm _._ o2
= _TC’EZ/ *Fy (2 F s, (2)dz (23) eom_ M e 22 7(h—14z)(h - 22) dz — w? mnck , 267
Zboty_y Uxsz a B b 6h2 13 6860

where zy, , is the z coordinate of the bottom surface of layer k = 2
(top layer); zip, , is the z coordinate of the top surface of layer
k = 2. The reference plane is the middle plane of the whole plate.
Thus, for the top layer:

h h
Zbot,(zz = ﬁ Ztopk,z = i (24)

The expression of the kernel is then

h
k=2 oy P mmn k=2 7)( z h h
t = , —<z<=
Ky, a Cis ,/114 Fy, (2)*Fo, (2)dz 14 S z< 5 (25)
Consider again theory EMC335 and, in particular, the term in which

o, =3 and f;, = 2. In this case Eq. (25) becomes:

h
K2t = -TEC? R e (26)
14
In practice it is more convenient to transform the variables (see Eq.
(14)) and numerically integrate using Gauss’s quadrature formula
(see reference [21]) in the interval [-1,+1]. However, since the goal
is to show the procedure, for simplicity the physical coordinate z is
used. It is the possible to write:

3(e2)’ — 1
2

2
3 2 7 Ztopy_p T2boty,_, 1
Ztopy_y ~Zboty_, Ztopy_y ~Zboty_, 1

2

*F3(z) =22 *F(2) = Py(2) — Po(2) = -1

(27)

14
(29)
Using the same procedure, it is possible to demonstrate that the top
layer (with the above mentioned data) has matrices reported in
Appendix A.
The pressure matrices are obtained by using the definitions re-
ported in Part I. For example, for the top layer (k = 2):

Dy, "5 =*F, 5Fy =*F,, (z = +g> “Fy,, <z = +g> (30)

Therefore, the pressure matrices are the following:
r horon
T 2 T %
. howonon
tyk _ 2 4 8 16
D= lu w w1 1)
4 8 32
Bont o n
L8 16 32 64
(1 o ®
T 3 5%
k=2 _ |'h 2 B
D”y”y 2 4 ¥ (32)
I S
L4 8§ 16
I
2 4 8 16
o owonow
2 4 8 16 32
tnk _ hZ h3 h4 hS hﬁ
Duzuz_ 4 8 16 32 64 (33)
IS S A N U
8 16 32 64 128
[ I N U
L16 32 64 128 256
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Now consider the first layer where k = 1. The coordinates of the
bottom and top surfaces of the first layer are:

h h

Zboty_; = ) Ziopy_; = 12 (34)

For brevity only the matrices K;\, K and K;' are presented
in Appendix B. To complete this example, consider a numerical
case. Suppose (numbers chosen only to create the numerical
example):

m=2, n=3; a=10; b=15 h=7 (35)

Assume that the materials are the following:

EX?=25 ES?2—4 E?=3

Top layer{ G2 =1 G'5? =3 Gs5? =F (36)
Uit =1 U= VR =16 hea=3h
EST=20 ES'=5 ES'=4
Bottom layer{ G}5' =1 Gi' =2 Gi'=1 (37)
Uil =1 U5 =15 V' =f he=3h

9 =0 is assumed for both layers. The numerical values for the
matrices K| K{ ! KE K2 K2 and K2 are reported in Appen-

Uylly? ““UySz 'S7S7 Uxlly UxSz
dix C.

4. Conclusion

For the first time in the literature, the extension of the General-
ized Unified Formulation to the case of mixed variational state-
ments (in particular Reissner’s Mixed Variational Theorem) and
higher order shear deformation theories is presented.

The displacements, which have an equivalent single layer
description, are expanded along the thickness by using a Taylor
series. The stresses g, g and g, which have a layerwise descrip-
tion, are expanded along the thickness of each layer by using
Legendre polynomials. Each variable can be treated separately
from the others. This allows the writing, with a single formal der-
ivation and software, of co® mixed higher order shear deformation
theories. If the stresses are eliminated by using the Static Conden-
sation Technique the resulting theory is formally identical to a
“classical” displacement-based higher order shear deformation
theory. If the stresses are not eliminated then a quasi-layerwise
model is obtained. The new methodology, based on the use of
the Generalized Unified Formulation, allows the user to freely
change the orders of the expansion of the unknowns and experi-
ment the best combination that better approximates the structural
problem under investigation. The compatibility of the displace-
ments and the equilibrium between two adjacent layers are en-
forced a priori.

All of the theories are generated by expanding 1 x 1 matrices
(the kernels of the Generalized Unified Formulation), which are
invariant with respect to the theory. Thus, with only 13 matrices
(the kernels) oo® theories can be generated without difficulties.
These kernels are the same as the ones used in the layerwise case
discussed in Part II.

The numerical performances and properties of mixed higher or-
der theories will be discussed in Part V (see [22]) of the present
work. It will be shown that the relative orders used for the dis-
placements and stresses play a key role in the numerical stability
of the solution.
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Appendix A. Explicit form of the matrices for a particular case

This appendix shows some of the matrices for the top layer

(k = 2) of the structure described in Section 3. Theory EMC335 is

considered.

3 6 12 57 K3 75 w4
X 7h Eh 137zh 4sozh
2 ( k=2 2 k=222
w2 (Ci;°b"m? +Ce.“a’n ) 6K2 57T Rp3 75 pt 8403 15
K2 — ( 1 66 wsh Ll ol 1344560
Uxllx a2b? 57 w3 15 pt 8403 5 2451 16
1372 4802 1344560 941192
75 K4 8403 p5 2451 K6 411771 17
4sozh 1344ssoh 941192h 368947264h
(38)
3 6 12 57 h3
B} ) 7h Eh 1372h
=2 k=2
C; +C )mnn2 6K 57 R 75 4
k=2 _ ( 12 66 o 3z h oz
Ko, = ab 57 13 75 p4 8403 1,5 (39)
1372 h 4802 h 1344560 h
75 |4 8403 19 2451 1,6
4802 h 1344560 h 941192 h
0 0 0 0 0 0
o, | +E&h -3h 0 0 0 2h
K
UySx 15 |2 12 |2 3 K2 9 12
+Lp2 _2p? _3p 0 0 2h
98 49 19 98
243 1,3 801 |3 18 |3 27 |3 99 3
+ 374z h™ - 6860 h™ - 343 h™ - 3430 h* 0 2744 h
(40)
f%h %h 0 0 0 0 f%h
k=2 _15p2 6 p2 3 p2 0 0 0 —-9hK?
kaZ,Cw mm 196 a9 98 196
UxSz 81 3 267 3 6 |3 9 13 33 13
a Gl 3ih 3430h 0 0 *2744h
_ 2301 h4 321 h4 1089 h4 27 h4 31 h4 0 6% h4
792080 24010'° 7134456'° 12005 ' 336140 192080
(41)
3 6 K2 57 13
—2,2 = 2h 2h =L h
s (Cgezb m?2 +C’;22a2n2)n2 owt o Enht
K2 — 6 h 57_h 75 K
Uyly a2h? 49 1372 4802
57 h3 75 h4 8403 h5
1372 4802 1344560
(42)
0 0 0 0 O
k=2 3 _3 3
K, = zh =h 0 0 Fh (43)
15 K2 12 K2 3 2 9 K2
-3h  3h 0 0 00 -2h
Cs3°nm 2 2 2 2
K2 = B | —ish” &bt gh 0 00 —%h
81 3 26713 6 K3 _9 13 33 13
_2744h sssoh Wh 3430h 00 _2744h
(44)
2h —2h 0 0 0 2h
. Lp _Ep 2K 0 0 2
{(12:55: a 2?314h3 7628%70’13 *%hg ’34930h3 0 2334’73
2301 h4 _ 321 h4 __1089 h4 27 h4 __81 h4 699 h4
792080 24010 134456 12005 336140'° 192080
13539 h5 45753 h5 417 h5 459 h5 162 h5 3267 h5
2689120 9411920 117649 336140 588245 2689120
(45)
3 3 3
15 K2 _6 K2 _3 K2 9 K2
i 196h 49h 98h 0 196h
k=2 _ 81 13 267 1,3 6 13 9 B3 33 13
I(Uzsy _T 2744h _6860h _Eh _3430h 2744h
2301 p4 321 K4 1089 p4 27}t 699 4
192080 h 24010 h™ - 134456 h™ - 12005 h 192080 h
13539 h5 45753 h5 417 h5 459 h5 3267 h5
2689120 9411920 117649 336140 2689120
(46)
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[0 0 0 0 0 0 0
2h —3h 0 0 0 0 Z2h
K2 = bpr o _Lp? o _3p? 0 0 o0 2K
23 _s0pd _Jsp’ 27t 0 0 2.0
" —15igsh® —gEh® —3Sish® —glish® 0 z3%5h"
(47)
(=7 +&% +u 0 0 =]
+3 -8B 0 +2 0 +3
K2 = ¢52h i 03 ~ 02 te 48)
0 +2 0 -2 0 0
0 0 +3 0 -2 0
% E k00 )
(=7 +4% +tu 0 -4
+3 -& 0 +3& +3
Ko =Ci’h|+4 0 -8 0 -4 (49)
0 +& 0 -2 0
Lk k0 )
-3 +&% +4 0 0 0 -4
% % 0 +5% 0 0 +5
+4 0 -0 o 42 0 -1
K2 =Ch| 0 +2 0 -2 0 +4 O (50)
0 0 +2 0 -2 0 O
0 0 0 +4% -2 0
S 0

Appendix B. Explicit form of the matrices for a particular case

This appendix shows some of the matrices for the bottom layer

(k= 1) of the structure described in Section 3. Theory EMC3yg is

considered.

+2h N Gy
Kt (G’ + Cog'ymnn? *%h: *ﬁhi *%h:
’ ab +tiosl @l sl
—apht AN — R
(31)
[ —2h 44k 0 0 0 0 -2k
1({3:51:@ +1§—7hz3 —%h: +l%hz 0 3 0 o0 +%h23
52 a |l 4 fLpd _8pd 32 p 0 0 —fLh
|+ h —Zht R nt Rt Rt 0 St
(52)
(-5 +2 +% 0 O 0 -2
+2 - 0 +£ 0 0 +2
+%4 0 -& 0 +4& 0 -2
K'=C3h| 0 +& 0 - 0 +4& 0 (53)
0 0 +4 0 -Z& o 0
0 0 0 +& 0 -8 o0
A 43 & 0 0 0 4

Appendix C. Numerical expressions for some matrices

This appendix shows some of the matrices for the top layer
(k=2) and bottom layer of the structure described in Section 3.
Theory EMC3,5 is considered.

279  -419 1001
~419 1001 -26.20
o, = 10.01 -2620 73.40 (>4
~2620 7340 —214.07
r—044 087 O 0 0 0 -044
K~ 036 -131 058 O 0 0 095
| _069 267 -175 047 0 0 -2.44
| 143 610 493 -2.10 040 0 6.77
(55)
r-030 045 015 0 0 0 -0.157
045 -109 0 018 0 0 045
015 0 -043 0 013 0 -015
K'=| o 018 0 -028 0 010 0
0 0 013 0 -021 O 0
0 0 0 010 0 -017 O
|-015 045 -015 O 0 0 -030]
(56)
179 358 850
e 358 850 22.36
s = 850 2236 62.62 (57)
2236 62.62 182.65
-033 065 0 0 0 0 -033
. |-082 130 033 0 0 0 -049
K2 = (58)
: 1220 290 130 020 0 0 -0.90
| -625 698 423 1.17 013 0 -1.90
r-031 046 015 0 0 0 -0.15]
046 -111 0 018 0 0 046
015 0 -044 O0 013 0 -015
K?-| 0o 018 0 -029 0 010 0
0 0 013 0 -022 O 0
0 0 0 010 0 -017 O
|-015 046 -015 0 0 0 -031]
(59)
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