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The generalized unified formulation was introduced in Part I for the case of plate theories based upon
Reissner’s mixed variational theorem. Part II analyzed the case of layerwise theories and Part III studied
advanced mixed higher order shear deformation theories.

In this work the generalized unified formulation is applied, for the first time in the literature, to the case
of advanced mixed higher order zig-zag theories. The so called zig-zag form of the displacements is
enforced a priori by the adoption of Murakami’s zig-zag function. An equivalent single layer description
of the displacements ux;uy and uz is adopted. The out-of-plane stresses rzx , rzy and rzz have a layerwise
description. The compatibility of the displacements and the equilibrium of the transverse stresses
between two adjacent layers are enforced a priori. 16 mixed higher order zig-zag theories are therefore
presented. The kernels have the same formal expressions as the ones used in the layerwise theories ana-
lyzed in Part II and in the higher order shear deformation theories presented in Part III.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

1.1. Zig-zag theories: main concepts

As explained in Part III (Ref. [1]), classical theories [2–4] may not
be sufficient to capture the behavior of relatively thick plates or
multilayered composite structures with strong transverse anisot-
ropy. Therefore, several models were developed by many authors.
First order shear deformation theories [5–8] improve the axiomatic
models by allowing non-zero shear strains czx and czy. Refinements
of these models can be obtained by increasing the orders of the
expansion of the different variables [9–12]. However, even these
improvements are not effective in complex cases with localized
loads or high transverse anisotropy. More accurate models pre-
scribe a displacement field (and stress field in the case of mixed ap-
proaches) within each layer. We have then the so called layerwise
theories [13–21], which are very accurate especially in the cases in
which the continuity of the out-of-plane stresses is enforced a pri-
ori [17–19]. But layerwise theories have the drawback of being
computationally expensive. Is there something more accurate than
the higher order theories with a similar number of degrees of free-
doms? The answer is yes, zig-zag theories (see [22] for an over-
view). The concept behind zig-zag theories and zig-zag form of
the displacements is the following. The equilibrium between two
adjacent layers implies that the out-of-plane stresses are equal at
ll rights reserved.
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the interface. These stresses can be thought as a combination of
strains multiplied by some coefficients that depend on the material
of each layer (Hooke’s law). In general, two layers have different
mechanical properties and, therefore, different strains are required
to obtain equilibrium. The strains are related to the derivatives of
the displacements (geometric relations). Thus, different strains im-
ply different slopes of the displacements. This fact leads to the zig-
zag form of the displacements (see Fig. 1).

A very large amount of literature has been devoted to the for-
mulation of axiomatic zig-zag theories that take into account these
requirements. Following the terminology introduced in [22], three
different categories of zig-zag theories can be created. In particular:

� Lekhnitskii multilayered theory (LMT).
� Ambartsumian multilayered theory (AMT).
� Reissner multilayered theory (RMT).

LMT was introduced for the particular case of cantilevered mul-
tilayered beam (Ref. [23]) and almost ignored in subsequent works
with a few exception (see Ren’s works in Refs. [24,25]). A summary
of the main facts of LMT is presented in Ref. [22]. Ambartsumian
work ([26–29]) was an extension of Reissner–Mindlin theory (Refs.
[6,7]). RMT is based on Reissner’s mixed variational theorem
(RMVT) (see [30,31]). The contribution of the present work is in
the framework of RMT; thus, RMT will be discussed in more detail.
Following the ‘‘historical” review (see [22]), the first application
of Reissner’s mixed variational theorem was made by Murakami
[32], who introduced the zig-zag function (MZZF). MZZF has the
based on the Generalized Unified Formulation. Part IV: ..., Compos
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Fig. 1. Zig-zag form of the displacements and Murakami’s zig-zag function.
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advantage of being simple and reproducing the discontinuity of the
first derivative of the displacements in the thickness direction.
Extensive work based on RMVT and MZZF was presented by
Carrera and co-authors (see for example [33–35]). It has also been
demonstrated that the usage of MZZF is more effective than
increasing the orders used in the expansion of the variables (see
Refs. [36,37] for FEM applications). It will be demonstrated in Part
V (Ref. [38]) that this is only partially true: when the orders of the
displacements and stresses are varied some combinations of the
orders may not converge to the correct solution.

1.2. What are the new contributions of this work

The generalized unified formulation (GUF) is a generalization1

of Carrera’s unified formulation (see [39,40]) and extended to the
case of RMVT-based theories in Part I (Ref. [41]). Parts II and III (Refs.
[42,1]) showed that 13 kernels (1� 1 matrices) could generate an
infinite number of layerwise theories and mixed higher order shear
deformation theories. Part IV will show that the same kernels are also
valid for the generation of infinite zig-zag theories with orders of the
displacements and out-of-plane stresses independently postulated.
An extensive adoption of MZZF will be shown very effective in the
generation of the zig-zag theories.

2. Theoretical derivation of ‘6 advanced mixed higher order
zig-zag theories

A theory, in which the in-plane displacements are expanded
along the thickness by using a cubic polynomial and the out-of-
plane displacement uz is parabolic, is considered

Theory I :

ux ¼ ux0 þ z/1ux
þ z2/2ux

þ z3/3ux

uy ¼ uy0
þ z/1uy

þ z2/2uy
þ z3/3uy

uz ¼ uz0 þ z/1uz
þ z2/2uz

8>><
>>: ð1Þ

In general the layers present different mechanical characteristics.
Therefore, Hooke’s coefficients relative to layer k are different than
the coefficients valid for layer kþ 1. The equilibrium between two
adjacent layers is satisfied if the out-of-plane stresses are continu-
ous functions along the thickness. But the stresses are related to
the derivatives of the displacements (Hooke’s law). So, continuity
of the out-of-plane stresses implies discontinuity (in general) of
the first derivatives of the displacements. This effect can be named
‘‘zig-zag form of the displacements”. Murakami suggested to take
into account this fact by introducing a zig-zag function (Murakami’s
zig-zag function). This concept is shown in Fig. 1.

Theory I (see Eq. (1)) is then ‘‘improved” as follows (Theory II is
the resulting theory):

Theory II :

ux ¼ux0 þz/1ux
þ z2/2ux

þ z3/3ux
þ ð�1ÞkfkuxZ

zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{Extra term for Zig-Zag effect

uy ¼uy0
þz/1uy

þ z2/2uy
þ z3/3uy

þ ð�1ÞkfkuyZ

zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{Extra term for Zig-Zag effect

uz¼uz0 þz/1uz
þ z2/2uz

þ ð�1ÞkfkuzZ

zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{Extra term for Zig-Zag effect

8>>>>>>>>>><
>>>>>>>>>>:

ð2Þ

When a particular layer k is considered then z is contained in the
interval ½zbotk

; ztopk
�. That is,

zbotk
6 z 6 ztopk

ð3Þ
1 The definition of ‘‘Carrera’s unified formulation” is a terminology introduced by
the author in Ref. [40] to uniquely identify a compact notation and formalism
introduced by Carrera for the 2D modelization of multilayered plates.
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zbotk
is the thickness coordinate of the bottom surface of layer k and

ztopk
is the thickness coordinate of the top surface of layer k. The ori-

gin of the coordinate system is in the middle plane of the plate (see
Fig. 1).

The quantity fk is the non-dimensional thickness coordinate of
layer k and is included in the interval [�1, 1]. The following expres-
sion is verified:

fk ¼
2

ztopk
� zbotk

z� ztopk
þ zbotk

ztopk
� zbotk

ð4Þ

z is measured from the middle plane of the plate. In Eq. (2), valid for
a theory with zig-zag form of the displacements included, the fol-
lowing can be observed:

� In Murakami’s zig-zag functions the term ð�1Þk is present. k is
the integer representing the ID of a generic layer, k ¼ 1 is for
the bottom layer and k ¼ Nl is for the top layer (Nl is the number
of layers). The term ð�1Þk enforces the discontinuity of the first
derivative (thickness direction) of the displacement. For exam-
ple, in layer k the derivative with respect to z of the zig-zag term
relative to the component ux is

d½ð�1ÞkfkuxZ �
dz

¼ ð�1ÞkuxZ

dfk

dz
¼ ð�1ÞkuxZ

2
ztopk

� zbotk

ð5Þ

As can be seen the term ð�1Þk strongly affects the sign of the
derivative.

� The displacements still have an equivalent single layer descrip-
tion. In fact, the terms uxZ ;uyZ

and uzZ are independent on the
actual layer and defined for the whole plate.

� The zig-zag form of the displacements is taken into account a
priori by adding only three degrees of freedom (uxZ ;uyZ

and uzZ

respectively). This is a general property and does not depend
on the orders used for the expansion of the different variables.
That is, a generic theory can take into account the zig-zag form
of the displacements by adding only three extra degrees of free-
doms, as was done in Eqs. (1) and (2) for the case of Theory I.

For each displacement component the concepts of the generalized
unified formulation (see Part I, Ref. [41]) can be applied. For exam-
ple, the displacement ux in Eq. (2) is written as

ux ¼ ux0 þ z/1ux
þ z2/2ux

þ z3/3ux
þ ð�1ÞkfkuxZ

¼ xFtuxt þ xF2ux2 þ xF3ux3 þ xF4ux4 þ xFbuxb
ð6Þ
based on the Generalized Unified Formulation. Part IV: ..., Compos
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where

xFt ¼ 1; xF2 ¼ z; xF3 ¼ z2; xF4 ¼ z3; xFb ¼ ð�1Þkfk

uxt ¼ ux0 ; ux2 ¼ /1ux
; ux3 ¼ /2ux

; ux4 ¼ /3ux
; uxb

¼ uxZ ð7Þ

The GUF for the displacement ux is

ux ¼ xFaux
uxaux

aux ¼ t; l; b; l ¼ 2; . . . ;Nux þ 1 ð8Þ

where, in the example, Nux ¼ 3. For the displacement uy the formal
procedure produces similar results

uy ¼ yFauy
uyauy

auy ¼ t;m; b; m ¼ 2; . . . ;Nuy þ 1 ð9Þ

The displacement uz is only parabolic, but the representation is for-
mally the same

uz ¼ zFauz
uzauz

auz ¼ t;n; b; n ¼ 2; . . . ;Nuz þ 1 ð10Þ

The following are observed:

� The superscript k is not present. In fact, in equivalent single layer
models the displacement fields have a description at plate level
and not at layerwise level.

� The generalized unified formulation (Eqs. (8)–(10)) is formally
equivalent to the layerwise case (see Part II, Ref. [42]). In fact,
the layerwise GUF for the same number of terms would be

uk
x ¼ xFaux

uk
xaux

aux ¼ t; l; b; l ¼ 2; . . . ;Nux þ 1

uk
y ¼ yFauy

uk
yauy

auy ¼ t;m; b; m ¼ 2; . . . ;Nuy þ 1

uk
z ¼ zFauz

uk
zauz

auz ¼ t;n; b; n ¼ 2; . . . ;Nuz þ 1

ð11Þ

The similarity between the equivalent single layer case with zig-
zag function and the layerwise case suggests that it is possible to
use the layerwise generalized unified formulation for the zig-zag
case too. that is, Eq. (11) can be used for the equivalent single
layer case with zig-zag form of the displacements. The fact that
the displacement field does not have a layerwise description
(see, for example, Theory II, explicitly written in Eq. (2)) is taken
into account when the assembling in the thickness direction of the
layer matrices is considered.

Reissner’s mixed variational theorem is adopted. Thus, the un-
knowns are the displacements and out-of-plane shear and normal
stresses. The continuity of these stresses is enforced by using a lay-
erwise description for them. The following terminologies are intro-
duced here:

� Reissner’s mixed variational theorem-based zig-zag theories (RZZT)
These theories have an equivalent single layer description of the
displacement fields and include the zig-zag form of the displace-
ments (a typical example is reported in Eq. (2)). A layerwise
description of the out-of-plane stresses is used. However, the
stresses are eliminated by using the static condensation tech-
nique (SCT). Therefore, formally, the theories have a final equiv-
alent single layer description. This approach gives, for example,
a theory similar to Theory II (Eq. (2)) in which the stresses are
not assumed.

� Quasi-layerwise Reissner’s mixed variational theorem-based zig-
zag theories (QLRZZT)
These theories have an equivalent single layer description of the
displacement fields and a layerwise description of the out-of-
plane stresses. The zig-zag form of the displacements is enforced
a priori by using MZZF, as in the case of RZZT. The SCT is not
used. Thus, some quantities (the displacements) are described
as in the ESL approach and some quantities (the stresses
rxz;ryz and rzz) are described as layerwise quantities.
Please cite this article in press as: Demasi L, 16 mixed plate theories
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A Navier-type solution will be considered in this paper. There-
fore, considering that the static condensation technique is applied
at plate level, the difference between RZZT and QLRZZT is practi-
cally only formal. The generalized unified formulation, valid for
both RZZT and QLRZZT, is then the following (the simplified nota-
tion for the stresses used is: rk

xz ¼ sk
x ;rk

yz ¼ sk
y;rk

zz ¼ sk
z ):

uk
x ¼ xFtuk

xt
þ xFluk

xl
þ xFbuk

xb
¼ xFaux

uk
xaux

aux ¼ t; l; b; l ¼ 2; . . . ;Nux þ 1

uk
y ¼ yFtuk

yt
þ yFmuk

ym
þ yFbuk

yb
¼ yFauy

uk
yauy

auy ¼ t;m; b; m ¼ 2; . . . ;Nuy þ 1

uk
z ¼ zFtuk

zt
þ zFnuk

zn
þ zFbuk

zb
¼ zFauz

uk
zauz

auz ¼ t;n; b; n ¼ 2; . . . ;Nuz þ 1

sk
x ¼ xF tsk

xt
þ xF psk

xp
þ xF bsk

xb
¼ xFasx

sk
xasx

asx ¼ t;p; b; p ¼ 2; . . . ;Nsx

sk
y ¼ yF tsk

yt
þ yF qsk

yq
þ yF bsk

yb
¼ yFasy

sk
yasy

asy ¼ t; q; b; q ¼ 2; . . . ;Nsy

sk
z ¼ zF tsk

zt
þ zF rsk

zr
þ zF bsk

zb
¼ zFasz

sk
zasz

asz ¼ t; r; b; r ¼ 2; . . . ;Nsz

ð12Þ

The functions of the thickness coordinate xFt;
yFt;

zFt;
xFl;

yFm;
zFn are

assumed to be of the type 1 z z2 z3 . . . xFb;
yFb and zFb contain the

zig-zag functions. This choice is made in order to be ‘‘consistent”
with the usual approach used in the literature for equivalent single
layer models. However, the out-of-plane stresses are modeled as
layerwise quantities. As done in Parts II and III (Ref. [42,1]) a combi-
nation of Legendre polynomials is used. In detail, the functions used
in the expansions of the displacements are

xFt ¼ 1 yFt ¼ 1 zFt ¼ 1
xF2 ¼ z yF2 ¼ z zF2 ¼ z
xF3 ¼ z2 yF3 ¼ z2 zF3 ¼ z2

. . .
xFl ¼ zl�1 yFm ¼ zm�1 zFn ¼ zn�1

. . .

xFb ¼ ð�1Þkfk
yFb ¼ ð�1Þkfk

zFb ¼ ð�1Þkfk

ð13Þ

The functions used in the expansion of the stresses rxz ¼ sk
x ;ryz ¼ sk

y

and rzz ¼ sk
z as for the case showed in Part III, are

xF t ¼ yF t ¼ zF t ¼
P0 þ P1

2
;

xF b ¼ yF b ¼ zF b ¼
P0 � P1

2
xF p ¼ Pp � Pp�2; p ¼ 2;3; . . . ;Nsx

yF q ¼ Pq � Pq�2; q ¼ 2;3; . . . ;Nsy

zF r ¼ Pr � Pr�2; r ¼ 2;3; . . . ;Nsz

ð14Þ

where P0; P1; Pp; Pq; Pr are the Legendre polynomials of order
0;1; p; q and r respectively. More details about these polynomials
can be found in Parts II and III.

Reissner’s mixed variational theorem-based zig-zag theories
(RZZT), indicated with acronyms, are shown in Fig. 2. The quasi-
layerwise Reissner’s mixed variational theorem-based zig-zag the-
ories (QLRZZT), indicated with acronyms, are shown in Fig. 3. In
both RZZT and QLRZZT cases it is then possible to create a class
of theories by changing the order used for the displacements and
stresses. Suppose, for example, that a theory has the following
data: Nux ¼ 3;Nuy ¼ 2;Nuz ¼ 4;Nsx ¼ 5;Nsy ¼ 4;Nsz ¼ 6. The
based on the Generalized Unified Formulation. Part IV: ..., Compos
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corresponding RZZT theory is indicated as EMZC546
324. The first letter

‘‘E” means ‘‘equivalent single layer” theory, the second letter ‘‘M”
means that a mixed variational statement is used (in the present
case Reissner’s variational theorem), the third letter ‘‘Z” means that
the zig-zag form of the displacement is enforced a priori and the
fourth letter ‘‘C” means that the continuity of the out-of-plane
stresses is enforced (this operation is done in the assembling in
the thickness direction). The subscripts are the orders of the poly-
nomials used for the displacements. The superscripts are the or-
ders of the Legendre polynomials used for the out-of-plane
stresses. In general the acronym is then built as follows:
EMZC

Nsx Nsy Nsz
Nux Nuy Nuz

.
Similarly, with the same orders used for displacements and

stresses it is possible to build QLRZZT theories. These theories are
indicated with the acronym QLMZC

Nsx Nsy Nsz
Nux Nuy Nuz

. ‘‘Q” stands for ‘‘quasi”
and ‘‘L” stands for ‘‘layerwise”. In this paper there is no numerical
difference between a generic theory EMZC

Nsx Nsy Nsz
Nux Nuy Nuz

and the corre-
sponding theory QLMZC

Nsx Nsy Nsz
Nux Nuy Nuz

. The reason, as stated in Parts II
and III, is that the static condensation technique is performed at
plate level. But when FEM applications are considered this is no
longer true, since it is convenient to perform the static condensa-
tion at element level.

2.1. Expansion of the matrices

The expansion of the matrices is an important part of the gen-
eration of one of the16 theories. This operation is done at layer le-
vel and does not present any particular differences with respect to
the ESL theories without zig-zag terms (see Part III). The main dif-
ference is in the number of DOFs, which in the present case is in-
creased by 3 to take into account the zig-zag form of the
displacements ux;uy and uz (see, for example, Eqs. (1) and (2)).

To explain how the expansion is performed, consider theory
EMZC546

213 (theory QLMZC546
213 is equivalent at this point).
Fig. 2. Reissner’s mixed variational theorem

Please cite this article in press as: Demasi L, 16 mixed plate theories
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In theory EMZC546
213 the number of degrees of freedom (at layer

level) is the following:

½DOF�kux
¼ Nux þ 2 ¼ 2þ 2 ¼ 4

½DOF�kuy
¼ Nuy þ 2 ¼ 1þ 2 ¼ 3

½DOF�kuz
¼ Nuz þ 2 ¼ 3þ 2 ¼ 5

½DOF�ksx
¼ Nsx þ 1 ¼ 5þ 1 ¼ 6

½DOF�ksy
¼ Nsy þ 1 ¼ 4þ 1 ¼ 5

½DOF�ksz
¼ Nsz þ 1 ¼ 6þ 1 ¼ 7

ð15Þ

It has to be pointed out that in the case of the corresponding ESL
theory without zig-zag term (theory EMC546

213, see Part III) we would
have the following:

½DOF�kux
¼ Nux þ 1 ¼ 2þ 1 ¼ 3

½DOF�kuy
¼ Nuy þ 1 ¼ 1þ 1 ¼ 2

½DOF�kuz
¼ Nuz þ 1 ¼ 3þ 1 ¼ 4

½DOF�ksx
¼ Nsx þ 1 ¼ 5þ 1 ¼ 6

½DOF�ksy
¼ Nsy þ 1 ¼ 4þ 1 ¼ 5

½DOF�ksz
¼ Nsz þ 1 ¼ 6þ 1 ¼ 7

ð16Þ

From the number of degrees of freedom (see Eq. (15)) it is possible
to calculate the size of the layer matrices. For example, when matrix
K

kaux bsz
uxsz is expanded then the final size at layer level is
½DOF�kux

� ½DOF�ksz
. In the example relative to theory EMZC546

213, matrix
K

kaux bsz
uxsz at layer level (indicated as Kk

uxsz
) is obtained as explained in

Fig. 4. It should be noticed that at this point there is no difference
between the case of RZZT and QLRZZT. Fig. 4 is valid for both cases.
-based zig-zag theories: acronyms used.

based on the Generalized Unified Formulation. Part IV: ..., Compos
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2.2. Assembling in the thickness direction

In addition to the compatibility of the displacements, the equi-
librium between two adjacent layers implies that
sk

xt
¼ sðkþ1Þ

xb
; sk

yt
¼ sðkþ1Þ

yb
and sk

zt
¼ sðkþ1Þ

zb
(see Fig. 4 in Part II). Therefore,

the assembling must consider this fact, as explained in Parts II and
III.

Regarding thickness assembling, there are different cases to
consider:

� Case 1
It involves only the displacement degrees of freedom. This is, for
example, the case encountered when the multilayer matrix Kuxuy

is generated. The assembling must take into account the conti-
nuity of the displacements and their ESL description (see Part
III for more details).

� Case 2
It involves displacement and out-of-plane stress degrees of free-
dom. This is, for example, the case encountered when the mul-
tilayer matrix Kuxsz is generated. The assembling must take
into account the continuity of the displacements and their ESL
description. In addition, the equilibrium of the transverse stres-
ses must be enforced (see Fig. 5)

� Case 3
It involves only the out-of-plane stress degrees of freedom. This
is, for example, the case encountered when the multilayer
Please cite this article in press as: Demasi L, 16 mixed plate theories
Struct (2008), doi:10.1016/j.compstruct.2008.07.010
matrix Ksysy is generated. The assembling must take into account
that the equilibrium of the transverse stresses must be enforced
(see Parts II and III)

The pressure matrices are obtained from the pressure kernels
and explained in Part III; therefore, the details are omitted. Regard-
ing the pressure amplitudes, inputs of the problem (see Fig. 6), the
difference between this case and the corresponding ESL case with-
out the zig-zag terms should be noted. Fig. 7 shows the amplitude
vectors for a particular case. The pressure amplitudes at multilayer
level are inputs of the problem. Some input examples are shown in
Fig. 6. Once the matrices are all assembled, the system of equations
becomes (see Part I):

Kuxux Kuxuy 0uxuz Kuxsx 0uxsy Kuxsz

Kuyuy 0uyuz 0uysx Kuysy Kuysz

0uzuz Kuzsx Kuzsy Kuzsz

Ksxsx 0sxsy 0sxsz

Symm Ksysy 0sysz

Kszsz

2
66666666664

3
77777777775
�

xU
yU
zU
xS
yS
zS

2
66666666664

3
77777777775
¼

xR
yR
zR
x0
y0
z0

2
66666666664

3
77777777775
ð17Þ

These expressions are formally the same as the ones encountered in
the layerwise case (Part II) or in the ESL case (Part III).
based on the Generalized Unified Formulation. Part IV: ..., Compos
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3. Example: a multilayered plate

As for the layerwise theories (Part II) and ESL theories (Part III),
how the theories are created is shown. In particular, consider a
rectangular multilayered plate consists of two layers. Let the thick-
ness of the plate be h. The bottom layer has thickness hk¼1 ¼ 4

7 h.
The top layer has thickness hk¼2 ¼ 3

7 h. How the matrices are ob-
tained from the kernels of the generalized unified formulation is
shown by considering top layer matrix Kk¼2

uxsz
. The kernel associated

with this matrix (at layer level) is the following:

K
k¼2 aux bsz
uxsz ¼ �mp

a
Z

k¼2 aux bsz
13uxsz

¼ �mp
a

Ck¼2
13

Z ztopk¼2

zbotk¼2

xFaux
ðzÞ zFasz

ðzÞdz ð18Þ

where zbotk¼2
is the z coordinate of the bottom surface of layer k ¼ 2

(top layer); ztopk¼2
is the z coordinate of the top surface of layer

k ¼ 2. The reference plane is the middle plane of the whole plate.
Thus, for the top layer

zbotk¼2
¼ h

14
ztopk¼2

¼ h
2

ð19Þ

The expression of the kernel is then

K
k¼2 aux bsz
uxsz ¼ �mp

a
Ck¼2

13

Z h
2

h
14

xFaux
ðzÞ zF asz

ðzÞdz
h

14
6 z 6

h
2

ð20Þ
Please cite this article in press as: Demasi L, 16 mixed plate theories
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Theory EMZC546
213 and, in particular, the term in which aux ¼ b and

bsz
¼ 3 are considered. In this case Eq. (20) becomes

Kk¼2 b3
uxsz

¼ �mp
a

Ck¼2
13

Z h
2

h
14

xFbðzÞ zF 3ðzÞdz ð21Þ

In practice it is more convenient to transform the variables (see Eq.
(4)) and numerically integrate using Gauss’s quadrature formula in
the interval [�1, +1]. However, since the goal is to show the proce-
dure, we will simply use the physical coordinate z and write

xFbðzÞ ¼ ð�1Þk¼2 fk¼2 ¼ ð�1Þ2 fk¼2 ¼ fk¼2

zF 3ðzÞ ¼ P3ðzÞ � P1ðzÞ ¼ 5ðfk¼2Þ3�3fk¼2
2 � fk¼2

ð22Þ

where

fk¼2 ¼
2

ztopk¼2
� zbotk¼2

z� ztopk¼2
þ zbotk¼2

ztopk¼2
� zbotk¼2

ð23Þ

Using Eqs. (19), (22) and (23):

xFbðzÞ ¼
2
3

7z
h
� 2

� �

zF 3ðzÞ ¼ �
35 2h3 � 39zh2 þ 168z2h� 196z3
� �

27h3 ð24Þ

Substituting into Eq. (21) and calculating the integral:

Kk¼2 b3
uxsz

¼ hmp
7a

Ck¼2
13 ð25Þ
based on the Generalized Unified Formulation. Part IV: ..., Compos



Fig. 5. Generalized unified formulation: example of assembling from layer matrices to multilayer matrix. Case of theory EMZC546
213 or QLMZC546

213. From Kk
ux sz

and Kðkþ1Þ
ux sz

to Kux sz .

Fig. 6. Theory EMZC546
213 or QLMZC546

213. Example of pressure amplitudes and inputs of problem at multilayer level in two-layered case.
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Fig. 7. Theory EMZC546
213 or QLMZC546

213. Multilayer unknown displacement and out-of-plane stress vectors in two-layered case.

8 L. Demasi / Composite Structures xxx (2008) xxx–xxx

ARTICLE IN PRESS
Using the same procedure, it is possible to demonstrate that the
top layer (with the above mentioned data) has the matrices re-
ported in Appendix A. The pressure matrices are obtained using
the definitions reported in Part I. For example, for the top layer
ðk ¼ 2Þ:

tD
k¼2 aux bux
uxux ¼ xFt

aux

xFt
bux
¼ xFaux

z ¼ þ h
2

� �
xFbux

z ¼ þ h
2

� �
ð26Þ

Therefore, the pressure matrices are the following:

tDk¼2
uxux
¼

1 h
2

h2

4 1
h
2

h2

4
h3

8
h
2

h2

4
h3

8
h4

16
h2

4

1 h
2

h2

4 1

2
666664

3
777775

tDk¼2
uyuy
¼

1 h
2 1

h
2

h2

4
h
2

1 h
2 1

2
664

3
775 ð27Þ

tDk¼2
uzuz
¼

1 h
2

h2

4
h3

8 1
h
2

h2

4
h3

8
h4

16
h
2

h2

4
h3

8
h4

16
h5

32
h2

4

h3

8
h4

16
h5

32
h6

64
h3

8

1 h
2

h2

4
h3

8 1

2
666666664

3
777777775

ð28Þ

Now consider the first layer where k ¼ 1. The coordinates of the
bottom and top surfaces of the first layer are

zbotk¼1
¼ � h

2
ztopk¼1

¼ h
14

ð29Þ

For brevity only the matrices Kk¼1
uxuy

;Kk¼1
uxsz

and Kk¼1
szsz

are presented in
Appendix B. To complete this example, consider a numerical case
with the following data (numbers are chosen only to create the
numerical example):

m ¼ 2; n ¼ 3; a ¼ 10; b ¼ 15 h ¼ 7 ð30Þ
Please cite this article in press as: Demasi L, 16 mixed plate theories
Struct (2008), doi:10.1016/j.compstruct.2008.07.010
Assume that the following materials are used:

Top layer

Ek¼2
11 ¼ 25 Ek¼2

22 ¼ 4 Ek¼2
33 ¼ 3

Gk¼2
12 ¼ 1

2 Gk¼2
13 ¼ 3

5 Gk¼2
23 ¼ 1

5

tk¼2
12 ¼ 1

4 tk¼2
13 ¼ 27

100 tk¼2
23 ¼ 29

100 hk¼2 ¼ 3
7 h

8>><
>>: ð31Þ

Bottom layer

Ek¼1
11 ¼ 20 Ek¼1

22 ¼ 5 Ek¼1
33 ¼ 4

Gk¼1
12 ¼ 1

2 Gk¼1
13 ¼ 3

5 Gk¼1
23 ¼ 1

5

tk¼1
12 ¼ 1

4 tk¼1
13 ¼ 27

100 tk¼1
23 ¼ 29

100 hk¼1 ¼ 4
7 h

8>><
>>: ð32Þ

# ¼ 0 for both layers. The numerical values for the matrices
Kk¼1

uxuy
;Kk¼1

uxsz
;Kk¼1

szsz
;Kk¼2

uxuy
;Kk¼2

uxsz
and Kk¼2

szsz
are reported in Appendix C.

4. Conclusion

For the first time in the literature, the extension of the general-
ized unified formulation to the cases of mixed variational state-
ments (in particular Reissner’s mixed variational theorem) and
higher order zig-zag theories is presented. The displacements,
which have an equivalent single layer description, are expanded
along the thickness by using a Taylor series. The zig-zag form of
the displacements is imposed by using Murakami’s zig-zag func-
tion. The stresses rzx;rzy and rzz have a layerwise description
and are expanded along the thickness of each layer by using Legen-
dre polynomials. Each variable can be treated separately from the
others. This allows the writing, with a single formal derivation and
software, of16 mixed higher order zig-zag theories. If the stresses
are eliminated using the static condensation technique the result-
ing theory is formally identical to a ‘‘classical” displacement-based
higher order zig-zag theory. If the stresses are not eliminated then
a quasi-layerwise model is obtained.

The new methodology based on the use of the generalized uni-
fied formulation allows the user to freely change the orders used
based on the Generalized Unified Formulation. Part IV: ..., Compos
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for the expansion of the unknowns and to experiment the best
combination that better approximates the structural problem un-
der investigation. The compatibility of the displacements and the
equilibrium between two adjacent layers enforced are a priori.
All the theories are generated by expanding 1� 1 matrices (the ker-
nels of the generalized unified formulation), which are invariant
with respect to the theory. Thus, with only 13 matrices (the ker-
nels)16 theories can be generated without difficulties. These ker-
nels are the same as the ones used in the layerwise and equivalent
single layer cases discussed in Parts II and III.

The numerical performances and properties of mixed higher or-
der zig-zag theories will be discussed in Part V (see [38]) of the
present work.
Kk¼2
uzsx
¼ mp

a

3
14 h � 3

7 h 0 0 0 3
14 h

15
196 h2 � 6

49 h2 � 3
98 h2 0 0 9

196 h2

81
2744 h3 � 267

6860 h3 � 6
343 h3 � 9

3430 h3 0 33
2744 h3

2301
192080 h4 � 321

24010 h4 � 1089
134456 h4 � 27

12005 h4 � 81
336140 h4 699

192080 h4

1
14 h 0 � 1

7 h 0 0 � 1
14 h

2
66666664

3
77777775

ð40Þ
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Appendix A. Explicit expressions of the layer matrices for a
particular case

This appendix shows some of the matrices for the top layer
ðk ¼ 2Þ of the structure described in Section 3. Theory EMZC546

213 is
considered.

Kk¼2
uxux
¼ p2ðCk¼2

11 b2m2 þ Ck¼2
66 a2n2Þ

a2b2

3
7 h 6

49 h2 57
1372 h3 0

6
49 h2 57

1372 h3 75
4802 h4 3

98 h2

57
1372 h3 75

4802 h4 8403
1344560 h5 6

343 h3

0 3
98 h2 6

343 h3 1
7 h

2
6666664

3
7777775

ð33Þ

Kk¼2
uxuy
¼ ðC

k¼2
12 þ Ck¼2

66 Þmnp2

ab

3
7 h 6

49 h2 0

6
49 h2 57

1372 h3 3
98 h2

57
1372 h3 75

4802 h4 6
343 h3

0 3
98 h2 1

7 h

2
6666664

3
7777775

ð34Þ

Kk¼2
uxsx
¼

0 0 0 0 0 0

þ 3
14 h � 3

7 h 0 0 0 3
14 h

þ 15
98 h2 � 12

49 h2 � 3
49 h2 0 0 9

98 h2

þ1 �2 0 0 0 1

2
666664

3
777775 ð35Þ

Kk¼2
uxsz
¼ Ck¼2

13 mp
a

� 3
14 h 3

7 h 0 0 0 0 � 3
14 h

� 15
196 h2 6

49 h2 3
98 h2 0 0 0 � 9

196 h2

� 81
2744 h3 267

6860 h3 6
343 h3 9

3430 h3 0 0 � 33
2744 h3

� 1
14 h 0 1

7 h 0 0 0 þ 1
14 h

2
666664

3
777775

ð36Þ
Please cite this article in press as: Demasi L, 16 mixed plate theories
Struct (2008), doi:10.1016/j.compstruct.2008.07.010
Kk¼2
uyuy
¼ ðC

k¼2
66 b2m2 þ Ck¼2

22 a2n2Þp2

a2b2

3
7 h 6

49 h2 0
6

49 h2 57
1372 h3 3

98 h2

0 3
98 h2 1

7 h

2
664

3
775 ð37Þ

Kk¼2
uysy
¼

0 0 0 0 0
3

14 h � 3
7 h 0 0 3

14 h
1 �2 0 0 1

2
64

3
75 ð38Þ

Kk¼2
uysz
¼ Ck¼2

23 np
b

� 3
14 h 3

7 h 0 0 0 0 � 3
14 h

� 15
196 h2 6

49 h2 3
98 h2 0 0 0 � 9

196 h2

� 1
14 h 0 1

7 h 0 0 0 1
14 h

2
64

3
75 ð39Þ
Kk¼2
uzsy
¼ np

b

3
14 h � 3

7 h 0 0 3
14 h

15
196 h2 � 6

49 h2 � 3
98 h2 0 9

196 h2

81
2744 h3 � 267

6860 h3 � 6
343 h3 � 9

3430 h3 33
2744 h3

2301
192080 h4 � 321

24010 h4 � 1089
134456 h4 � 27

12005 h4 699
192080 h4

1
14 h 0 � 1

7 h 0 � 1
14 h

2
66666664

3
77777775
ð41Þ

Kk¼2
uzsz
¼

0 0 0 0 0 0 0
3

14 h � 3
7 h 0 0 0 0 3

14 h
15
98 h2 � 12

49 h2 � 3
49 h2 0 0 0 9

98 h2

243
2744 h3 � 801

6860 h3 � 18
343 h3 � 27

3430 h3 0 0 99
2744 h3

1 �2 0 0 0 0 1

2
66666664

3
77777775
ð42Þ

Kk¼2
sxsx
¼ Ck¼2

55 h

� 1
7 þ 3

14 þ 1
14 0 0 � 1

14

þ 3
14 � 18

35 0 þ 3
35 0 þ 3

14

þ 1
14 0 � 10

49 0 þ 3
49 � 1

14

0 þ 3
35 0 � 2

15 0 0
0 0 þ 3

49 0 � 54
539 0

� 1
14 þ 3

14 � 1
14 0 0 � 1

7

2
6666666664

3
7777777775

ð43Þ

Kk¼2
sysy
¼ Ck¼2

44 h

� 1
7 þ 3

14 þ 1
14 0 � 1

14

þ 3
14 � 18

35 0 þ 3
35 þ 3

14

þ 1
14 0 � 10

49 0 � 1
14

0 þ 3
35 0 � 2

15 0
� 1

14 þ 3
14 � 1

14 0 � 1
7

2
6666664

3
7777775

ð44Þ

Kk¼2
szsz
¼ Ck¼2

33 h

� 1
7 þ 3

14 þ 1
14 0 0 0 � 1

14

þ 3
14 � 18

35 0 þ 3
35 0 0 þ 3

14

þ 1
14 0 � 10

49 0 þ 3
49 0 � 1

14

0 þ 3
35 0 � 2

15 0 þ 1
21 0

0 0 þ 3
49 0 � 54

539 0 0
0 0 0 þ 1

21 0 � 22
273 0

� 1
14 þ 3

14 � 1
14 0 0 0 � 1

7

2
666666666664

3
777777777775

ð45Þ
based on the Generalized Unified Formulation. Part IV: ..., Compos
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Appendix B. Explicit expressions of the layer matrices for a
particular case

This appendix shows some of the matrices for the bottom layer
ðk ¼ 1Þ of the structure described in Section 3. Theory EMZC546

213 is
considered.

Kk¼1
uxuy
¼ ðC

k¼1
12 þ Ck¼1

66 Þmnp2

ab

þ 4
7 h � 6

49 h2 0

� 6
49 h2 þ 43

1029 h3 � 8
147 h2

þ 43
1029 h3 � 75

4802 h4 þ 8
343 h3

0 � 8
147 h2 þ 4

21 h

2
666664

3
777775 ð46Þ

Kk¼1
uxsz
¼Ck¼1

13 mp
a

�2
7 h þ4

7 h 0 0 0 0 �2
7 h

þ 5
147 h2 � 6

49h2 þ 8
147h2 0 0 0 þ 13

147h2

� 19
2058h3 þ 61

1715h3 � 8
343h3 þ 32

5145 h3 0 0 � 67
2058h3

þ 2
21h 0 � 4

21 h 0 0 0 � 2
21 h

2
66664

3
77775

ð47Þ

Kk¼1
szsz
¼ Ck¼1

33 h

� 4
21 þ 2

7 þ 2
21 0 0 0 � 2

21

þ 2
7 � 24

35 0 þ 4
35 0 0 þ 2

7

þ 2
21 0 � 40

147 0 þ 4
49 0 � 2

21

0 þ 4
35 0 � 8

45 0 þ 4
63 0

0 0 þ 4
49 0 � 72

539 0 0

0 0 0 þ 4
63 0 � 88

819 0

� 2
21 þ 2

7 � 2
21 0 0 0 � 4

21

2
6666666666664

3
7777777777775

ð48Þ
Appendix C. Numeric expressions of the layer matrices for a
particular case

This appendix shows some of the matrices for the top layer
ðk ¼ 2Þ and bottom layer of the structure described in Section 3.
Theory EMZC546

213 is considered.

Kk¼1
uxuy
¼

2:79 �4:19 0

�4:19 10:01 �1:86

10:01 �26:20 5:59

0 �1:86 0:93

2
66664

3
77775 ð49Þ

Kk¼1
uxsz
¼

�0:44 0:87 0 0 0 0 �0:44

0:36 �1:31 0:58 0 0 0 0:95

�0:69 2:67 �1:75 0:47 0 0 �2:44

0:15 0 �0:29 0 0 0 �0:15

2
66664

3
77775 ð50Þ

Kk¼1
szsz
¼

�0:30 0:45 0:15 0 0 0 �0:15

0:45 �1:09 0 0:18 0 0 0:45

0:15 0 �0:43 0 0:13 0 �0:15

0 0:18 0 �0:28 0 0:10 0

0 0 0:13 0 �0:21 0 0

0 0 0 0:10 0 �0:17 0

�0:15 0:45 �0:15 0 0 0 �0:30

2
6666666666664

3
7777777777775

ð51Þ

Kk¼2
uxuy
¼

1:79 3:58 0

3:58 8:50 0:89

8:50 22:36 3:58

0 0:89 0:60

2
66664

3
77775 ð52Þ
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Kk¼2
uxsz
¼

�0:33 0:65 0 0 0 0 �0:33

�0:82 1:30 0:33 0 0 0 �0:49

�2:20 2:90 1:30 0:20 0 0 �0:90

�0:11 0 0:22 0 0 0 0:11

2
66664

3
77775 ð53Þ

Kk¼2
szsz
¼

�0:31 0:46 0:15 0 0 0 �0:15

0:46 �1:11 0 0:18 0 0 0:46

0:15 0 �0:44 0 0:13 0 �0:15

0 0:18 0 �0:29 0 0:10 0

0 0 0:13 0 �0:22 0 0

0 0 0 0:10 0 �0:17 0

�0:15 0:46 �0:15 0 0 0 �0:31

2
66666666666664

3
77777777777775

ð54Þ
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