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ARTICLE INFO ABSTRACT

The generalized unified formulation was introduced in Part I for the case of plate theories based upon
Reissner’s mixed variational theorem. Part Il analyzed the case of layerwise theories and Part III studied
advanced mixed higher order shear deformation theories.

In this work the generalized unified formulation is applied, for the first time in the literature, to the case
of advanced mixed higher order zig-zag theories. The so called zig-zag form of the displacements is
enforced a priori by the adoption of Murakami’s zig-zag function. An equivalent single layer description
of the displacements uy,u, and u, is adopted. The out-of-plane stresses ¢, 0, and o, have a layerwise
description. The compatibility of the displacements and the equilibrium of the transverse stresses
between two adjacent layers are enforced a priori. co® mixed higher order zig-zag theories are therefore
presented. The kernels have the same formal expressions as the ones used in the layerwise theories ana-
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lyzed in Part Il and in the higher order shear deformation theories presented in Part III.
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1. Introduction
1.1. Zig-zag theories: main concepts

As explained in Part III (Ref. [1]), classical theories [2-4] may not
be sufficient to capture the behavior of relatively thick plates or
multilayered composite structures with strong transverse anisot-
ropy. Therefore, several models were developed by many authors.
First order shear deformation theories [5-8] improve the axiomatic
models by allowing non-zero shear strains y,, and 7,,. Refinements
of these models can be obtained by increasing the orders of the
expansion of the different variables [9-12]. However, even these
improvements are not effective in complex cases with localized
loads or high transverse anisotropy. More accurate models pre-
scribe a displacement field (and stress field in the case of mixed ap-
proaches) within each layer. We have then the so called layerwise
theories [13-21], which are very accurate especially in the cases in
which the continuity of the out-of-plane stresses is enforced a pri-
ori [17-19]. But layerwise theories have the drawback of being
computationally expensive. Is there something more accurate than
the higher order theories with a similar number of degrees of free-
doms? The answer is yes, zig-zag theories (see [22] for an over-
view). The concept behind zig-zag theories and zig-zag form of
the displacements is the following. The equilibrium between two
adjacent layers implies that the out-of-plane stresses are equal at
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the interface. These stresses can be thought as a combination of
strains multiplied by some coefficients that depend on the material
of each layer (Hooke’s law). In general, two layers have different
mechanical properties and, therefore, different strains are required
to obtain equilibrium. The strains are related to the derivatives of
the displacements (geometric relations). Thus, different strains im-
ply different slopes of the displacements. This fact leads to the zig-
zag form of the displacements (see Fig. 1).

A very large amount of literature has been devoted to the for-
mulation of axiomatic zig-zag theories that take into account these
requirements. Following the terminology introduced in [22], three
different categories of zig-zag theories can be created. In particular:

e Lekhnitskii multilayered theory (LMT).
e Ambartsumian multilayered theory (AMT).
e Reissner multilayered theory (RMT).

LMT was introduced for the particular case of cantilevered mul-
tilayered beam (Ref. [23]) and almost ignored in subsequent works
with a few exception (see Ren’s works in Refs. [24,25]). A summary
of the main facts of LMT is presented in Ref. [22]. Ambartsumian
work ([26-29]) was an extension of Reissner-Mindlin theory (Refs.
[6,7]). RMT is based on Reissner’s mixed variational theorem
(RMVT) (see [30,31]). The contribution of the present work is in
the framework of RMT; thus, RMT will be discussed in more detail.
Following the “historical” review (see [22]), the first application
of Reissner’s mixed variational theorem was made by Murakami
[32], who introduced the zig-zag function (MZZF). MZZF has the
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advantage of being simple and reproducing the discontinuity of the
first derivative of the displacements in the thickness direction.
Extensive work based on RMVT and MZZF was presented by
Carrera and co-authors (see for example [33-35]). It has also been
demonstrated that the usage of MZZF is more effective than
increasing the orders used in the expansion of the variables (see
Refs. [36,37] for FEM applications). It will be demonstrated in Part
V (Ref. [38]) that this is only partially true: when the orders of the
displacements and stresses are varied some combinations of the
orders may not converge to the correct solution.

1.2. What are the new contributions of this work

The generalized unified formulation (GUF) is a generalization!
of Carrera’s unified formulation (see [39,40]) and extended to the
case of RMVT-based theories in Part I (Ref. [41]). Parts Il and III (Refs.
[42,1]) showed that 13 kernels (1 x 1 matrices) could generate an
infinite number of layerwise theories and mixed higher order shear
deformation theories. Part IV will show that the same kernels are also
valid for the generation of infinite zig-zag theories with orders of the
displacements and out-of-plane stresses independently postulated.
An extensive adoption of MZZF will be shown very effective in the
generation of the zig-zag theories.

2. Theoretical derivation of <% advanced mixed higher order
zig-zag theories

A theory, in which the in-plane displacements are expanded
along the thickness by using a cubic polynomial and the out-of-
plane displacement u, is parabolic, is considered
Uy = Uy, + 2y, + 22, +2203,

Uy = Uy, + 2, +22¢, +22¢3, (1)
Uy = Ugy + 201, + 220,

Theory I :

In general the layers present different mechanical characteristics.
Therefore, Hooke’s coefficients relative to layer k are different than
the coefficients valid for layer k + 1. The equilibrium between two
adjacent layers is satisfied if the out-of-plane stresses are continu-
ous functions along the thickness. But the stresses are related to
the derivatives of the displacements (Hooke’s law). So, continuity
of the out-of-plane stresses implies discontinuity (in general) of
the first derivatives of the displacements. This effect can be named
“zig-zag form of the displacements”. Murakami suggested to take
into account this fact by introducing a zig-zag function (Murakami’s
zig-zag function). This concept is shown in Fig. 1.

Theory I (see Eq. (1)) is then “improved” as follows (Theory Il is
the resulting theory):

Extra term for Zig-Zag effect
——
ko
(=1)"kuy,
Extra term for Zig-Zag effect
—_—~—
— 2 3 ke
Uy =Uy, +2¢1, +2°¢y, +2¢3, + (1)L,
Extra term for Zig-Zag effect
—_———

(71 )kgkuzl

Uy = Uy, +2hy, +22dy, +Z 03, +

Theory II:

2)

Uy =y +2¢1, +22¢, +

When a particular layer k is considered then z is contained in the
interval [Zyo, , Ztop, ) That is,

Zbotk < 4 g ztopk (3)

! The definition of “Carrera’s unified formulation” is a terminology introduced by
the author in Ref. [40] to uniquely identify a compact notation and formalism
introduced by Carrera for the 2D modelization of multilayered plates.

Final Zig-Zag form

of the displacement. Function representing

4 Z The first derivative the displacement
is not, in general, a continuos (for example Uy)
function

Ztopy
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Fig. 1. Zig-zag form of the displacements and Murakami’s zig-zag function.

Zpoy, 1S the thickness coordinate of the bottom surface of layer k and
Ziop, 1S the thickness coordinate of the top surface of layer k. The ori-
gin of the coordinate system is in the middle plane of the plate (see
Fig. 1).

The quantity {, is the non-dimensional thickness coordinate of
layer k and is included in the interval [-1, 1]. The following expres-
sion is verified:

2 _ Ztopy, + Zbotk

Ztopy, — Zbotk

k

4
Ztopy, — Zbotk ( )
z is measured from the middle plane of the plate. In Eq. (2), valid for
a theory with zig-zag form of the displacements included, the fol-
lowing can be observed:

e In Murakami’s zig-zag functions the term (—l)" is present. k is
the integer representing the ID of a generic layer, k =1 is for
the bottom layer and k = N; is for the top layer (N, is the number
of layers). The term (—1)* enforces the discontinuity of the first
derivative (thickness direction) of the displacement. For exam-
ple, in layer k the derivative with respect to z of the zig-zag term
relative to the component uy is

di(- 1) Guy] dg

2
k k
dz =D ”XZE‘( yu

Xz
Ztopk - Zbotk

()

As can be seen the term (—1)* strongly affects the sign of the
derivative.

o The displacements still have an equivalent single layer descrip-
tion. In fact, the terms u,,,uy,, and u,, are independent on the
actual layer and defined for the whole plate.

e The zig-zag form of the displacements is taken into account a
priori by adding only three degrees of freedom (u,,,u,, and u,,
respectively). This is a general property and does not depend
on the orders used for the expansion of the different variables.
That is, a generic theory can take into account the zig-zag form
of the displacements by adding only three extra degrees of free-
doms, as was done in Eqs. (1) and (2) for the case of Theory I.

For each displacement component the concepts of the generalized
unified formulation (see Part I, Ref. [41]) can be applied. For exam-
ple, the displacement u, in Eq. (2) is written as
Uy = Uy, +Z¢1ux +22¢2ux +Z3¢3ux + (71)k£kuxz

=*Filly, 4+ *Fallx, +*F3uly, +*Fauy, +*Fyly, (6)
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where

Fo=1; *Fp=2z *F3=2% *F4=2% *Fp= (-1

Uy =Uxg; Uy =01, 5 Uy =5 Uy =¢3,5 Uy =Uy,  (7)
The GUF for the displacement u, is

Uy =*Foy Ung,, Oy =t 0b; 1=2,... Ny, +1 (8)

where, in the example, N,, = 3. For the displacement u, the formal
procedure produces similar results

uy:yFotuyuyxuy Ofuy=f7m-,b; m:27"'7Nlly+1 9)
The displacement u, is only parabolic, but the representation is for-
mally the same

Uy =Fo, Uz, O, =C0,b; n=2,... Ny, +1 (10)

The following are observed:

e The superscript k is not present. In fact, in equivalent single layer
models the displacement fields have a description at plate level
and not at layerwise level.

e The generalized unified formulation (Egs. (8)-(10)) is formally
equivalent to the layerwise case (see Part II, Ref. [42]). In fact,
the layerwise GUF for the same number of terms would be

uf ="Fylly, O =t1Lb; 1=2,.. Ny +1

k K . _

uy:yFauyu;“uy oy, =t,mb; m=2,... Ny +1 (11)
uf =Fy, o, =tnb; n=2,... N, +1

The similarity between the equivalent single layer case with zig-
zag function and the layerwise case suggests that it is possible to
use the layerwise generalized unified formulation for the zig-zag
case too. that is, Eq. (11) can be used for the equivalent single
layer case with zig-zag form of the displacements. The fact that
the displacement field does not have a layerwise description
(see, for example, Theory I, explicitly written in Eq. (2)) is taken
into account when the assembling in the thickness direction of the
layer matrices is considered.

Reissner’s mixed variational theorem is adopted. Thus, the un-
knowns are the displacements and out-of-plane shear and normal
stresses. The continuity of these stresses is enforced by using a lay-
erwise description for them. The following terminologies are intro-
duced here:

e Reissner’s mixed variational theorem-based zig-zag theories (RZZT)
These theories have an equivalent single layer description of the
displacement fields and include the zig-zag form of the displace-
ments (a typical example is reported in Eq. (2)). A layerwise
description of the out-of-plane stresses is used. However, the
stresses are eliminated by using the static condensation tech-
nique (SCT). Therefore, formally, the theories have a final equiv-
alent single layer description. This approach gives, for example,
a theory similar to Theory II (Eq. (2)) in which the stresses are
not assumed.

e Quasi-layerwise Reissner’s mixed variational theorem-based zig-

zag theories (QLRZZT)
These theories have an equivalent single layer description of the
displacement fields and a layerwise description of the out-of-
plane stresses. The zig-zag form of the displacements is enforced
a priori by using MZZF, as in the case of RZZT. The SCT is not
used. Thus, some quantities (the displacements) are described
as in the ESL approach and some quantities (the stresses
O, 0y, and o) are described as layerwise quantities.

A Navier-type solution will be considered in this paper. There-
fore, considering that the static condensation technique is applied
at plate level, the difference between RZZT and QLRZZT is practi-
cally only formal. The generalized unified formulation, valid for
both RZZT and QLRZZT, is then the following (the simplified nota-
tion for the stresses used is: g%, = sk, o}, = sk, g%, = s£):
uk =*Faul + "Fluffl + *Fbu’;b =*Fy, u’;aux

oy, =t Lbl=2,... Ny, +1

k_y k y k y k _y k
uy = Faty +7Fnuy, +'Fpy ="F,, Uys,,

Oy, =t,mbm=2,... Ny +1
uf = Feutf +Fouf, +Fyuif = Fy ul,

o, =t,n,b;n=2,...,N, +1

(12)

Sk =TSy, + FpSy, + FoSy, =" Fu, Sy,
“Sx = t7p7b7p = 27 e 7NSx

k _y k y k y k __y k

Sy =VFeSy, +7FSy 7 FoSy, =V Fu Sy

“Sy :t7q7b;q:27"'aNSy

k _z k z k z k _z k
S = FiSy +°F1S;, +°F Sy, = Fo, S,
“Sz:t7r7b;r:27"'7N$z

The functions of the thickness coordinate *F,,YF,,F,,*F,,YF,,?F, are
assumed to be of the type 1z 2> Z2... *F,,F, and ?F, contain the
zig-zag functions. This choice is made in order to be “consistent”
with the usual approach used in the literature for equivalent single
layer models. However, the out-of-plane stresses are modeled as
layerwise quantities. As done in Parts Il and III (Ref. [42,1]) a combi-
nation of Legendre polynomials is used. In detail, the functions used
in the expansions of the displacements are

XF[:1 yF[:] ZF[:l
XF2:Z szZZ ZF2:Z
XF3 :Z2 ng :Zz ZF3 :22

(13)
XFI _ Zl—l yFm _ Zm—l an _ Zn—l
Fp= (-1 Fo=(-1"0 Fp=(-1)"G

The functions used in the expansion of the stresses gy, = sk, g,, = s;,‘
and 0, = s§ as for the case showed in Part IIl, are

Xff:yft:fo:P"erpl,
(14)
x]:p:Pp_Pp*27 p:2737"'7N5x
YFe=Py—Pya, q=2,3,....N;,
Z]:r:Pr*Pr—L T:2,3,...,st

where Po,Pq,Py,Pg, P, are the Legendre polynomials of order
0,1,p,q and r respectively. More details about these polynomials
can be found in Parts II and III.

Reissner’s mixed variational theorem-based zig-zag theories
(RZZT), indicated with acronyms, are shown in Fig. 2. The quasi-
layerwise Reissner’s mixed variational theorem-based zig-zag the-
ories (QLRZZT), indicated with acronyms, are shown in Fig. 3. In
both RZZT and QLRZZT cases it is then possible to create a class
of theories by changing the order used for the displacements and
stresses. Suppose, for example, that a theory has the following
data: Ny =3,Ny, =2,N,, =4,N;, =5,N;, =4,N,, =6. The
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corresponding RZZT theory is indicated as EMZC355. The first letter
“E” means “equivalent single layer” theory, the second letter “M”
means that a mixed variational statement is used (in the present
case Reissner’s variational theorem), the third letter “Z” means that
the zig-zag form of the displacement is enforced a priori and the
fourth letter “C” means that the continuity of the out-of-plane
stresses is enforced (this operation is done in the assembling in
the thickness direction). The subscripts are the orders of the poly-
nomials used for the displacements. The superscripts are the or-
ders of the Legendre polynomials used for the out-of-plane
stresses. In general the acronym is then built as follows:
EMZC

Slmlxlarly, with the same orders used for displacements and
stresses it is possible to build QLRZZT theories. These theories are
indicated with the acronym QLMZCN? N‘y'\ﬁz “Q” stands for “quasi”
and “L” stands for “layerwise”. In this paper there is no numerical
difference between a generlc theory EMZC, Noel\sy %i and the corre-
sponding theory QLMZCNi”',VVz{NN‘i The reason, as stated in Parts Il
and Il is that the static condensation technique is performed at
plate level. But when FEM applications are considered this is no
longer true, since it is convenient to perform the static condensa-
tion at element level.

2.1. Expansion of the matrices

The expansion of the matrices is an important part of the gen-
eration of one of the oo® theories. This operation is done at layer le-
vel and does not present any particular differences with respect to
the ESL theories without zig-zag terms (see Part III). The main dif-
ference is in the number of DOFs, which in the present case is in-
creased by 3 to take into account the zig-zag form of the
displacements uy, u, and u, (see, for example, Egs. (1) and (2)).

To explain how the expansion is performed, consider theory
EMZC3 (theory QLMZCS?S is equivalent at this point).

In theory EMZC335 the number of degrees of freedom (at layer
level) is the following:

[DOFJ;, =Ny, +2=2+2=4
[DOF|; =N, +2=1+2=3
[DOFJ =N, +2=3+2=5 s
DOFf =N, +1=5+1=6
Sx X
[DOFl; =Ny, +1=4+1=5
[DOFJf =Ny, +1=6+1=7

It has to be pointed out that in the case of the corresponding ESL
theory without zig-zag term (theory EMC31s, see Part III) we would
have the following:

[DOFJS =Ny, +1=2+1=3
[DOFJy, =Ny +1=1+1=2
[DOF =N, +1=3+1=4
(16)
[DOF =Ny, +1=5+1=6
[DOFfy =Ny, +1=4+1=5
[DOF{ =N, +1=6+1=7

From the number of degrees of freedom (see Eq. (15)) it is possible
to calculate the size of the layer matrices. For example, when matrix

Kﬁfs“j” is expanded then the final size at layer level is
[DOFA x [DOFI; . In the example relative to theory EMZC315, matrix
Kf,fs“; *z at layer level (indicated as l(" 5,) is obtained as explained in

Fig. 4. It should be noticed that at thlS point there is no difference
between the case of RZZT and QLRZZT. Fig. 4 is valid for both cases.

RMVT-based Zig-Zag Theories
RZZT

Generalized Unified

Meaning of the acronym

E = Equivalent Single Layer

M = Mixed theory based on RMVT

Z = Zig-zag for of the displacements imposed
a priori using Murakami’s Zig-Zag Function

C = Continuity of the out-of-plane

stresses enforced a priori

The out-of-plane stresses have a layerwise description.
However, the Static Condensation Technique
is used, so formally the theory is
a displacement-based Equivalent
Single Layer theory. All the stresses
are calculated a posteriori

Formulation Example: theory EMZC?33
EMZC NN e BSL dseription)

uy — Order NV, (expansion d‘{m’\g the thickness)
1, Order N,,, (expansion along the thickness)
1.~ OrderN,, (expansion along the thickness)
5% Order N, (expansion along the thickness)
it
Il

s Order NV, (expansion along the thickness)

s ¥ Order/V; (expansion along the thickness)

Layer k 1Ztop

Zoot, 7 Xy

Ztop; bty

= —2_ ~_
k Ztop;—Zboty ~

=

Ziops—Zboty,

iz, Uy = ty, +2¢1,, + 2292, +23¢3, + (~1)*Ciuy, (ESL description)
Uz = ey + 21, + 292, + (1) Chu,

sk= Tuligh 1 (P, — Po)sk, + (Ps — Pr)sk, + L5706k, (LW description)

A
z uk =Fuk + Foub, + Fyuk,

(ESL description)

(LW description)
(LW description)

or
(The ESL description is replaced

by a LW description. The assembling
along the thickness takes care of the true
ESL description of the displacements)

5, b+ b, + Fyl,

(When the SCT is applied the out-of-plane
stresses are eliminated and calculated
a posteriori)

1=2
ay, = t,mb m= 2,34

@, = tnb n=23

Final form of the
Generalized Unified Formulation

@, =tpb p=2
@, =t,gb g=2
@ —trb r=23

Fig. 2. Reissner’s mixed variational theorem-based zig-zag theories: acronyms used.
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Quasi Layerwise RMVT-based Zig-Zag Theories
QLRZZT

Generalized Unified

QL = Quasi Layerwise

M = Mixed theory based on RMVT

7 = Zig-zag for of the displacements imposed
a priori using Murakami’s Zig-Zag Function

C = Continuity of the out-of-plane

stresses enforced a priori

Meaning of the acronyms

The out-of-plane stresses have a Layerwise description.
The displacements have an Equivalent
Single Layer description. Only the in-plane
stresses are calculated a posteriori

Formulation Example: theory QLMZC 333
QLMZC ;V\Y/xx/’:ly.\y‘xvz Uy = Uy, + 21,4+ (1) C; u“v k (ESL descri.pti.on)
ux!VuyNug Uy = ty, +2¢1,, + 2792, +2°¢3,+ (=1)"Cruy, (ESL description)

Uy — Order V,, (expansion along the thickness)
y — Order V,, (expansion along the thickness)

u; — OrderV,, (expansion along the thickness) i =

s%— Order Ny, (expansion along the thickness)

“

5% OrderV;, (expansion along the thickness)

k r . . o Po+P,
s %= OrderNV;, (expansion along the thickness) sk= Sz
A
z ofi =
uf =
Y | sk ="Fisk +*Fosk, + Fsk,
Layer k. |7uopg
Zbot & ;XY
+ >
i =
iy =
uk = *
Sk =
Ck = 2 _ _ FropgFEboy o
Sk = ZioprZboty © T Ziopg 2oty sk =
k

sk=7

Uz =z + 261, +22¢0,+ (-1)Chu,

2Pk 4 (Py = Po)sk, + 25k,

&k _ PotPi
y= "2 S

+ (P2 = Po)sk, + T55Ls:

2+

Fok + Fouk, + Fruk,

uf ='Ful, + Faul, + Faul, + Faul, + Fouf,
k

b A Fuk, +Fsub + Fpuk

s§ =V Fisk +Fasy, + Fost,
sk ="Fisk +7Fosk, ¥ Fisk, + sk

P> — Po)sk, + (Ps — P1)sk, + >

Or
e, oy, =tLb | =2
W, Oy = tmb m= 234 o
} Final form of the
e, o, = tmb n =23 Generalized Unified Formulation
wShay ag, =tLpb p=2
as, =t,g.b g=2
as, =tLnb r=23

(ESL description)

(LW description)

Py-Py ok
Vb

(LW description)

Loligk (LW description)

Or

(The ESL description is replaced

by a LW description. The assembling
along the thickness takes care of the true
ESL description of the displacements)

Fig. 3. Quasi-layerwise Reissner’s mixed variational theorem-based zig-zag theories: acronyms used.

2.2. Assembling in the thickness direction

In addition to the compatibility of the displacements, the equi-

librium between two adjacent layers implies that
sk =si. sk =5y and st = sii*" (see Fig. 4 in Part II). Therefore,

the assembling must consider this fact, as explained in Parts I and
II1.

Regarding thickness assembling, there are different cases to
consider:

e Case 1
It involves only the displacement degrees of freedom. This is, for
example, the case encountered when the multilayer matrix Ky,
is generated. The assembling must take into account the conti-
nuity of the displacements and their ESL description (see Part
III for more details).

e Case 2
It involves displacement and out-of-plane stress degrees of free-
dom. This is, for example, the case encountered when the mul-
tilayer matrix K, is generated. The assembling must take
into account the continuity of the displacements and their ESL
description. In addition, the equilibrium of the transverse stres-
ses must be enforced (see Fig. 5)

e Case 3
It involves only the out-of-plane stress degrees of freedom. This
is, for example, the case encountered when the multilayer

matrix K5, is generated. The assembling must take into account
that the equilibrium of the transverse stresses must be enforced

(see Parts II and III)

The pressure matrices are obtained from the pressure kernels
and explained in Part III; therefore, the details are omitted. Regard-
ing the pressure amplitudes, inputs of the problem (see Fig. 6), the
difference between this case and the corresponding ESL case with-
out the zig-zag terms should be noted. Fig. 7 shows the amplitude
vectors for a particular case. The pressure amplitudes at multilayer
level are inputs of the problem. Some input examples are shown in
Fig. 6. Once the matrices are all assembled, the system of equations
becomes (see Part I):

[ Kuw  Kuw Ouu Kus Ous Kuo] [U7 'R
Ky Ouu Ous Kis K| ['U| |'R
Oui Kis Kig K| |U| |R
Ky Oy Oy | |*S| [0
Symm Ky, Oy | |'S v0
I K.] L] L]

(17)

These expressions are formally the same as the ones encountered in
the layerwise case (Part II) or in the ESL case (Part III).
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RzzT EMZC 31§ or QuRZZT QLMZC 315

Ay, =tLLb [ =2,3
Ps. =t,b r=2,3456

[DOF] =N, +2 =4

[DOF]S =Ny +1=17

@y, =1 oy, =1
Bs. = ﬁs:k:bb
{
Kﬁgsz Klle;
(Ix1) (1x1)
Ay, =1 oy, = t
Ps. =2 w=6
k2 kt6
KMXSZ Cu =t au\ - Kusz
(Ix1) ﬂx;:3 l Bs. = 5 (Ix1)
ki3 Qo =
k4
(1><1) Kuis._ (1><l)
(I1x1)
Expanded matrix (layer level)
ket kt2 kt3 kt4 kt6 kib
K“xsz KMXSZ Kuxsz Kusz @ Kusz KMXSZ
k2t k22 k23 k24 k25 k26 k2b
K k —_— Kusz Kusz KMsz KMsz Kuxsz K“xsz Kusz
UxSz a3t 132 533 134 B35 k36 31
([DOF]A « [DOF]/\ > Kusz Kusz Kuxsz Kuxsz Kuxsz Kux;z Kux;z
- kbt kb2 kb3 kb4 kb5 kb6 kbl
KM;SZ Kusz K”xsz Ku)?sz Ku)?sz Ku;;z K“xS)z

Fig. 4. Generalized unified formulation: example of expansion from a kernel to a layer matrix. The case of theories EMZC5{s and QLMZC315. From Ky,

3. Example: a multilayered plate

As for the layerwise theories (Part II) and ESL theories (Part III),
how the theories are created is shown. In particular, consider a
rectangular multilayered plate consists of two layers. Let the thick-
ness of the plate be h. The bottom layer has thickness h;_; = %h.
The top layer has thickness hy_, =3h. How the matrices are ob-
tained from the kernels of the generalized unified formulation is
shown by considering top layer matrix Kﬁ;f. The kernel associated
with this matrix (at layer level) is the following:

Kk:Z Guels, _ MTT k=2 oy s,
UxSz a 13uys;

M gy [ZoPr=2
- _TC’]‘gz /z *Fa, (2)°F s, (2)dz (18)

boty,_o

where zy,_, is the z coordinate of the bottom surface of layer k = 2
(top layer); Zip, , is the z coordinate of the top surface of layer
k = 2. The reference plane is the middle plane of the whole plate.
Thus, for the top layer

h
Zboty, = 14 Ziopy_, = 2 (19)
The expression of the kernel is then
I mmn 5 h h
k=2 owy Bs, _ MR k=2 X z - _
Kb = e /_ Fa(@iFs @)z g<z<s  (20)

Koty i,

k
to K, ..

Theory EMZC335 and, in particular, the term in which o,, = b and
B, = 3 are considered. In this case Eq. (20) becomes

k=2b3 __
K.~ =

h
2
Tt [ R e 21)
14
In practice it is more convenient to transform the variables (see Eq.
(4)) and numerically integrate using Gauss’s quadrature formula in
the interval [—-1, +1]. However, since the goal is to show the proce-
dure, we will simply use the physical coordinate z and write

Fy2) = (-1 Ga = (-1 Gy = Ga

e (22)
*F3(2) = P3(2) — P1(z) = 2202 — [
where
Loy = 2 7_ Ziopy_, + Zboty_, (23)
- Ziopy_, — Zboty._, Ztopy_, — Zboty_,
Using Egs. (19), (22) and (23):
2(7z
X g _
Fy(z) = 3 < A 2)
35(2}13 —39zh* + 16822h — 196z3)

“F3(z) = — 24

3(2) 7 %)
Substituting into Eq. (21) and calculating the integral:
K203 _ hmn ngz (25)

UxSz - 7a
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rzzt EMZC3{S or QuRZZT QLMZC 515

[DOF)f =N, +2=4 [DOF)¥ =N, +1=1

If there are N; layers the number of

Degrees Of Freedom is obtained Layers have different thickness
as follows: . and material properties. So the
[DOF], = [DOF], (ESL description!) matrices are different

1 (k+1) k
[DOF],. = [DOF]* «Ni— (N, - 1) Kus. '+ Ku,s.

In this example, 2 layers are assumed.
So [DOF], =4 [DOF]_=13

Sz

Kusz

([DOF], x[DOF],)

Ux Sz

k
Kuxsz

Equilibrium and compatibility

/ are imposed

i
k+1 k+1)12 k+1)13 k+1)t4 k+1)t5 k+1)16 k+1)tb kit k2 kt3 ktd ktS kt6 kb
KED KED? KPS KEDS KEDS KEDOIKEDP + Kl | Kis. Kb, Kis. KiK. K.

k+1)2; k+1)22 k+1)23 k+1)24 k+1)25 k+1)26 k+1)2b 2 k22 k23 k24 k25 k26 k2b
K@D KED? KEDS KD KD KIS KPP+ Kt | K K; Kis. K. Kis.  Kig.

UxSz UxSz

)30 g3 prkH1)33 R34 k)35 g 1)36 | gk 1)36 632 33 134 135 136 13h
KD KRG KEDD KED KEDS KGO KED? + KECVKGS. K, Kis. Ki Kis Kis

, UxSz UxSz

kel RDB2 g3 gk Dbd ke 1bs getkrbo| geikesh o gkbe | ke b3 b s b6 b
Kglx-?: % K§lw5: e K(MyS; % K§lw5: % KL{S; » KSI,\S; % Kglxs: ) + Kusz KM),S; KM),;; K“rS: K“ri: KU)LS: K“\J:

Fig. 5. Generalized unified formulation: example of assembling from layer matrices to multilayer matrix. Case of theory EMZC3{; or QLMZC3{5. From K, and K" to Ki,s,.

RzzT EMZC 3% or QURZZT QLMZC 51

In this example two layers are assumed

[DOF],, = [DOFI} = Nu, +2 = 4

[DOF], = [DOF]} = Ny, +2 =3

[DOF], = [DOF)S = N.. +2 =5

uz

Top pressures
xpt t zpt

s P _& P } P In this example we suppose the
I é — % following case (pressures applied at the
8 [0 ] Q | [o] L{S top surface of layer 2):
=+ Lo 8 % Pl = 3 cos Z£X sin %

A 1 TX nny
P}, = Ssin#7* cos —
. . nmy
PL =-4sin #7* sin —
Pressure amplitudes:
input of the problem
Bottom pressures
xpb . b zpb .

z P =, YP P In this example we suppose the
e g 3 following case (pressures applied at the
8 0 | ] [0 | LQ" 0 | bottom surface of layer 1):
=4 Lol S| B P? = 0.5co0s 22 sin ==

b _ i INTX nny
Py = 2sin#7* cos —

b_ 3 Ly
P? = 3sin #7= sin ——

Fig. 6. Theory EMZC31s or QLMZC;15. Example of pressure amplitudes and inputs of problem at multilayer level in two-layered case.
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rzzT EMZC 31§ or QuRZZT QLMZC 515

In this example two layers are assumed

[DOF], = [DOF]S = Ny, +2 =4

Uy

[DOFYt, = Ny, +1 = 6 = [DOF], = [DOF]" +N,— (N, - 1) = 11

Sx

[DOF], = [DOF]* = N,, +2 =3 [DOF]i = Ny, +1 =5 = [DOF], = [DOF]} - N;—(N;—1) =9
[DOF], = [DOF)f = N,. +2 =5 [DOF]t = Ny, +1 =7 = [DOF]_ = [DOF]t -N;— (N, - 1) = 13
Unknown Unknown
displacement amplitudes out-of-plane stress amplitudes
(layerwise description)
U yYu U XS(M)XS \,S(k+l)ys ZS(k+l)ZS
E Ry EORES RO
E ] v§k =vg D ]
Y :\S;kﬂ)_ Y |
. . . 4= - s o (k1)
Equivalent Single Layer description _.: -&Z
of the displacement fields | ISk |
e
SR —
In the case of RZZT the S h g

out-of-plane stresses are

eliminated by using the Static
Condensation Technique (SCT) and
calculated a posteriori. In the case of
QLRZZT the out-of-plane stresses

are calculated a priori and SCT is not used

Fig. 7. Theory EMZC3?5 or QLMZC;15. Multilayer unknown displacement and out-of-plane stress vectors in two-layered case.

Using the same procedure, it is possible to demonstrate that the
top layer (with the above mentioned data) has the matrices re-
ported in Appendix A. The pressure matrices are obtained using
the definitions reported in Part I. For example, for the top layer
(k=2):

Dy, " = *Fi, F}, =*F,, (z =+ g)xm (z =+ g) (26)

Therefore, the pressure matrices are the following:

2
1 b
2 4 ] h 1
B oh 2
tpyk=2 _ | 2 4 8 2 tpk=2 _ | n W2 n
DuXux_ RIS Y Duyuy— ) (27)
T 8§ 16 4 h
Ln R 1 71
L 2 4
r honon
T3 % % 1
hoowor ok
2 4 8§ 16 2
k=2 _ | B o or R
D”Z”z 4 8§ 16 32 4 (28)
B R
§ 16 32 64 8
h P oo
L1 3 7 5 1

Now consider the first layer where k = 1. The coordinates of the
bottom and top surfaces of the first layer are

h h
Zbotk:1 = _i Ztopk:I = ﬁ (29)

For brevity only the matrices K{ K} and K{,' are presented in

Uxlly I~ UxSz
Appendix B. To complete this exaymple, consider a numerical case
with the following data (numbers are chosen only to create the
numerical example):
m=2; a=10;

n=3; b=15 h=7 (30)

Assume that the following materials are used:

Ef?=25 Ey,>=4 E3*=3
Top layerq G2 =1 Gi? =2 G52 =1 (31)
vi? =3 V=75 V5’ =%% ha=3h
EKT=20 ES'=5 ES'=4
Bottom layer{ Gk' =1 G'=3% Gil=1 (32)
V' =1 U5 =% V5 =1 fuer =3h

¥ =0 for both layers. The numerical values for the matrices
K K KE! KE? K2 and KE? are reported in Appendix C.

Uylly ) " “UxSz 7 T VSzSz Uylly Uy Sz
4. Conclusion

For the first time in the literature, the extension of the general-
ized unified formulation to the cases of mixed variational state-
ments (in particular Reissner’s mixed variational theorem) and
higher order zig-zag theories is presented. The displacements,
which have an equivalent single layer description, are expanded
along the thickness by using a Taylor series. The zig-zag form of
the displacements is imposed by using Murakami’s zig-zag func-
tion. The stresses 0,0, and o, have a layerwise description
and are expanded along the thickness of each layer by using Legen-
dre polynomials. Each variable can be treated separately from the
others. This allows the writing, with a single formal derivation and
software, of co® mixed higher order zig-zag theories. If the stresses
are eliminated using the static condensation technique the result-
ing theory is formally identical to a “classical” displacement-based
higher order zig-zag theory. If the stresses are not eliminated then
a quasi-layerwise model is obtained.

The new methodology based on the use of the generalized uni-
fied formulation allows the user to freely change the orders used

Struct (2008), doi:10.1016/j.compstruct.2008.07.010
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for the expansion of the unknowns and to experiment the best 1o . %h %hz 0
combination that better approximates the structural problem un- K2 — (Ces b*m? + C2an?)m® | [, B3 (37)
der investigation. The compatibility of the displacements and the Uytly ™ a2h? 97 1372 , %8
equilibrium between two adjacent layers enforced are a priori. 0 %h %h
All the theories are generated by expanding 1 x 1 matrices (the ker-
nels of the generalized unified formulation), which are invariant 0 0 00 O
with respect to the theory. Thus, with only 13 matrices (the ker- Kﬁ:sz =|&h —-3h 0 0 2h (38)
nels) oc® theories can be generated without difficulties. These ker- " 1 2 00 1
nels are the same as the ones used in the layerwise and equivalent
single layer cases discussed in Parts Il and III. 3 3 3
. . . . -3h 2 0 000 -2Zh
The numerical performances and properties of mixed higher or- s C’;znﬂ: 5 7 X , 14 5
der zig-zag theories will be discussed in Part V (see [38]) of the K. = b —1h™ &h° &h” 0 0 0 —35h (39)
present work. -Lth 0 lh 00 0 Lh
2h —-32h 0 0 0 2h
- LR SR 2N 0 0 2 H
k=2 3 3 3 3 3
Kis =0 | Zal’  —&oh  —ssh —sxh 0 Pl (40)
4 4 4 4 4 4
toosh —aorlt  —Paass! —wos ~weml om0l
Lh 0 —1h 0 0 —Lh
Acknowledgement Zh —3h 0 0 2h
15 2 6 12 3 12 9 1,2
L . . . . mh _Eh _%h 0 ﬁh
The author thanks his sister Demasi Paola who inspired him 2 NT
: . K2——— | 813 _2erpd 63 _ 9 pd 33 p3
with her strong will. usy — p | 2744 6860 343 3430 2744
2301 h4 _ 321 h4 1089 h4 27 h4 699 h4
192080 24010 134456 12005 192080
1 1 1
Appendix A. Explicit expressions of the layer matrices for a 1l 0 —7h 0 —1ah
particular case (41)
This appendix shows some of the matrices for the top layer 0 0 0 0 00 O
(k = 2) of the structure described in Section 3. Theory EMZC335 is 2h ~3p 0 0 0 0 2h
considered. Kﬁz _ % e B % 2o % x 0 0 0 % 12
2 3
ooakoodph O HAW ' I gL 0 0
e _PCR M s ey | BhT ERE gt i 1 -2 0 0 00 1
Uxthe ™ 22 3 4 5 3 42
b g 4
2 3 r B
0 Ght s 3h 143 +% 0 0 -4
(33) 43 B8 o 43 o 43
_ L |+4& 0 -1 o 2 1L
2 Kk—Z _ Ck—Zh 14 49 49 14 43
ph ght 0 s TS0 42 0 -2 000 @)
_ _ 2 3 2 3 54
or (G s Gt | B g » 0 0 g 0 o
tetly ab 57 B3 75 gt 63 -4 tu —1 0 0 -3
1372 4802 343 - -
2 -
0 G h o+ vk 0 -k
+h B 0 +h +h
0 0 00 0 K2 =Cllhl+4 0 -1 0 - (44)
3 3 3
geo_ | Tt mah 000 gh (35) 0 +3% 0 -F% 0
Lpt _2K 3R 0 0 R -4 +& -& 0 -}
+1 2 0 00 1 _ -
-1 +3 +4 0 0 0 -4
~32h 3 0 0 00 -3h i o-% 0 4% 0 0 44
+L& 0 -1 0 42 0o -4
k=2 _15p: 6p2 32 0 0 0 —2p? 14 49 19 14
Oy ERLLLY IR w5 796 K2=c%h| 0 +2 0 -2 0 +4 O (45)
X3z a 3 3 3 3 3
—Fal’ Gl sl sph 0 0 —5h 0 0 +3% 0 -2 0 0
—Lh 0 1h 0 0 +4h 0 0 0 +% 0 -Z 0
(36) -7 +% -1 0 0 0 -7
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Appendix B. Explicit expressions of the layer matrices for a
particular case

This appendix shows some of the matrices for the bottom layer

(k = 1) of the structure described in Section 3. Theory EMZC375 is

considered.

2
+4h -&h 0
_ k= 2 3 2
I(k:] _ (Cll<21 +Cgﬁl)mnn2 7%h +%h 7%’1 (46)
Uyl 3 4 3
’ ab i B h S
0 -2 iR
~2h  +4h 0 0 00 -2h

k=1 2 6 |2 8 K2 3 K2
Kk:l_cw mn +%h *Eh +Wh 0 00 +1%h

UxSz 3 3 3 3 3
a —sgsh” +51sh —5sh 8" 0 0 —55h
+%h 0 —%h 0 00 —%h
(47)
-4+ +2 +2Z2 0 0 0 27
+2 - 0 +4 0 0 +2
+% 0 —% 0 +% 0 —%
k=1 k=1
K., =C5 h| O +% 0 % 0 +% 0 (48)
0 0 +% 0 7% 0 0
0 0 0 +% 0 f% 0
|-% +2 -% 0 0 0 —2]

Appendix C. Numeric expressions of the layer matrices for a
particular case

This appendix shows some of the matrices for the top layer
(k =2) and bottom layer of the structure described in Section 3.
Theory EMZC375 is considered.

279 —-419 0

. |-419 1001 -136
K, = (49)
e 10.01 -26.20 5.59
0 -1.86 093
[-0.44 0.87 0 0 0 0 -044
1 036 -131 0.58 0 0 0 09
Ku s, (50)
2 -069 267 -175 047 0 0 -244
L 0.15 0 -0.29 0 0 0 -0.15
[-030 045 0.15 0 0 0 -0.157
045 -1.09 0 0.18 0 0 0.45
0.15 0 -043 0 0.13 0 -0.15
Kf;ll = 0 0.18 0 -0.28 0 0.10 0
0 0 0.13 0 -0.21 0 0
0 0 0 0.10 0 -0.17 0
|-0.15 045 -0.15 0 0 0 —0.30 |
(51)
1.79 3.58 0
., |358 850 089
= (52)

ey 8.50 2236 3.58
0 0.89 0.60

[-033 065 O 0 0 0 -033
Kﬁ:sz _ -082 130 033 0 O 0 -049 (53)
s -220 290 130 020 0 0 -0.90
|-0.11 0 022 0 O O 011
-0.31 046 0.15 0 0 0 —0.157
046 -1.11 0 0.18 0 0 0.46
0.15 0 -0.44 0 0.13 0 -0.15
Kf;f = 0 0.18 0 -0.29 0 0.10 0
0 0 0.13 0 -0.22 0 0
0 0 0 0.10 0 -0.17 0
|-0.15 046 -0.15 0 0 0 -0.31]
(54)
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